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Resumo

Nessa dissertagao, sao apresentados os métodos de Newton e de Broyden com o objetivo de
estudar a sua utilizagao na resolucao de problemas de programacao linear. Nesse sentido,
primeiramente a versao padrao de um método de pontos interiores (IPM) primal-dual é
introduzida, a qual usa o método de Newton como base para a sua operacao. Em seguida,
é estudado um IPM com aproximacao quasi-Newton proposto recentemente, e é apresen-
tado um resultado original desta pesquisa: a convergeéncia local linear desse método sob
algumas fortes hipdteses. Posteriormente, é estudado um sistema de equagoes nao-suaves
equivalente as condi¢oes de Karush-Kuhn-Tucker (KKT) de um problema de programagao
linear. Sao aplicadas variantes nao-suaves dos métodos de Newton e de Broyden para re-
solver tal sistema e sao observados os resultados sobre sua convergencia. Com a finalidade
de obter propriedades de convergéncia global em relacao a resolugao desse sistema, é es-
tudado um algoritmo que utiliza métodos locais em sua operacao. Considerando um
problema de programacao linear especifico, sao aplicadas duas versoes desse algoritmo:
uma utilizando o método de Newton e a outra utilizando o método de Broyden. A andlise
dos experimentos numéricos realizados sugere resultados teéricos relacionados a operacao
desse algoritmo e resulta em uma modificagao com melhor desempenho de convergéncia

global no problema selecionado.

Palavras-chave: Método de Newton; Método de Broyden; Métodos de pontos iteri-

ores; Equacoes nao-suaves.



Abstract

In this dissertation, Newton’s and Broyden’s methods are presented with the aim of study-
ing their use in solving linear programming problems. To this end, first the standard
version of a primal-dual interior point method (IPM) is introduced, which uses Newton’s
method as the basis for its operation. Next, a recently proposed IPM with quasi-Newton
approach is studied, and an original result of this research is presented: the linear local
convergence of this method under some strong assumptions. Subsequently, a system of
nonsmooth equations equivalent to the Karush-Kuhn-Tucker (KKT) conditions of a linear
programming problem is studied. Nonsmooth variants of Newton’s and Broyden’s meth-
ods are applied to solve such system and results on its convergence are observed. In order
to obtain global convergence properties with respect to solving this system, it is studied
an algorithm that uses local methods in its operation. By considering a specific linear
programming problem, two versions of this algorithm are applied: one using Newton’s
method and the other using Broyden’s method. The analysis of the numerical experi-
ments suggests theoretical results related to the operation of this algorithm and results

in a modification with better global convergence performance on the selected problem.

Keywords: Newton’s method; Broyden’s method; Interior point methods; Nons-

mooth equations.
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INTRODUCTION

Consider the task of solving a linear programming problem in the form

min 'z
st. Ar=1> (1)
x>0,

where ¢,z € R", b € R™, A € R™" and m < n . In [17, Section 12.6 and 13.1] it is
shown that this task is equivalent to solving the Karush-Kuhn-Tucker (KKT) conditions

of this problem, which can be written as

AT A+ z=¢
Axr=b
XZe=0
(x,2) >0,

where A € R™, 2 € R”, e € R" is a vector with all coordinates equal to 1 and X, Z € R™*"
are diagonal matrices with the main diagonal containing the vectors x and z, respectively.
Therefore, it is possible to formulate a function F : RY — RY such that solving problem
(1) can be visualized as the task of finding x* € RY such that F(z*) = 0 while the
condition (z,z) > 0 is guaranteed. Newton’s and Broyden’s methods are well-known
methods to solve a problem in this form when F is continuously differentiable [17, Chapter
11]. Therefore, there are applications of these methods in this sense, such as the creation
of Newton-type methods in [5].

A well-known class of methods to solve problem (1) is the interior point methods
(IPMs). As it is discussed in [7, 13, 22], it is characterized by using one iteration of

Newton’s method in order to approximate a solution of the system

AT A +2z2=¢c
Ar=0>

XZe = pe
(x,2) >0

(2)

at each iteration, where p is a positive constant. Throughout the iterations, these methods

brings p to 0, consequently system (2) becomes more and more similar to the KKT
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conditions of problem (1), and then the iterates of the IPMs approach a solution of these
conditions, which provide a solution of the problem. At each iteration k, these methods

need to solve the linear system

0 AT In AZL‘k C — AT)\k — Zk
A 0 0 A)\k = b— A:z:k
Zk 0 Xk Azk Ot — Xkae

to obtain the Newton step (Axy, A, Azy), where I, is the identity matrix and o4 € (0, 1)
is a chosen parameter value. However, this can be an expensive task if, for example, the
system dimension is large and the Cholesky decomposition, normally used for this type of
computation, destroys the sparsity structure of the coefficient matrix. Therefore, Gondzio
and Sobral [8] developed an IPM with quasi-Newton approach, which have a strategy to
reduce the cost of obtaining the step at each iteration. In this sense, one goal of this work
is to study this method and obtain a result about its local convergence.

Throughout the iterations of a primal-dual IPM, a step length is used to guarantee
that the variables x and z of the iterates are kept positive at every iteration, while
Newton’s method approaches to the solution of the three equalities of system (2). This
operation can generate difficulties in the proof of some general results. It is possible to
study the application of Newton’s and Broyden’s methods to solve linear programming
problems through another angle, without the necessity of dealing with nonnegativity
constraints. This is possible through a system of nonsmooth equations equivalent to the
KKT conditions of problem (1), as showed in [19, 20], which in this case can be described

as
AT+ z=¢

Az =10
min{zy, 21} =0 (3)

min{z,, z,} = 0.

More details about this system can be seen in Section 3.1 of Chapter 3 of this work.
In the sequence, also in Chapter 3, computational experiments and theoretical studies
are performed to analyze whether convergence results are valid. Several situations are
considered: by varying the method used, the conditions to which the initial iterate was
subjected, and the conditions related to the initial approximation By of the Jacobian
matrix applied to the initial iterate, when the Broyden method is used.

The application of nonsmooth variants of Newton’s and Broyden’s methods in order
to solve the system of nonsmooth equations (3) does not have good global convergence
results. When developing this dissertation, two algorithms were found that had global

convergence properties: the one proposed by Ito and Kunisch [9] and the one developed by



Gomes-Ruggiero, Martinez and Santos [6]. The algorithm presented in [9], however, have
its global convergence results conditioned to satisfying a certain set of conditions that a
general linear programming problem does not satisfy, what prevented the algorithm of
being applied. On the other hand, the global convergence properties of the algorithm
developed in [6] did not depend on rigorous assumptions, and therefore it can be used.

The algorithm developed by Gomes-Ruggiero, Martinez and Santos [6] matches a local
method (such as Newton’s or Broyden’s methods), which have good performance near to
a solution of the objective function, with another algorithm developed in [6], which has
the property that, if it does not stop (in general at some stationary point of the merit
function considered) then it converges to the solution of (3).

In this work, two versions of this algorithm are studied: one using Newton’s method
and the other using Broyden’s method. The possibility of extending known convergence
results of such methods to the algorithm [6] was observed. Numerical experiments in
a single linear programming problem were executed, which suggested theoretical results
capable of describing the behavior of the algorithm in certain situations. Moreover, it was
also possible to note that the sequence of iterates generated in the experiments always
approached some stationary point of the merit function considered, which was in general
found close to the solution of (3). By considering this fact, it was possible to elaborate
a proposal for modifying the algorithm, which basically consists of applying the pure
Broyden’s method in the final iterate obtained from the algorithm developed by [6]. The
results obtaining through this modification indicate an improvement in the performance
of the algorithm with respect to global convergence, which possibly will also be effective
in any linear programming problem where most of the stationary points of the merit
function are close to the solution of system (3).

This work is organized as follows. An introduction about Newton’s and Broyden’s
methods is given in Chapter 1. The IPM with quasi-Newton approach and its respective
result about local convergence is showed in Chapter 2. In Chapter 3, the nonsmooth equa-
tions equivalent to the KKT conditions of problem (1) are formulated and it is presented
some results about local and global convergence of Newton’s and Broyden’s methods
applied in this system. Finally, the algorithm developed in [6] was applied in the non-
smooth equations and a proposal for its modification was elaborated with the objective
of improve the convergence to the optimal point while taking advantage of its global

convergence properties for non-optimal points.



CHAPTER 1

Newton’s and Broyden’s methods for

nonlinear equations

In this chapter, we introduce Newton’s and Broyden’s methods for systems of nonlinear
equations, as well as results about the local convergence of both. The main references
of this part are Dennis and Schnabel [3] and Nocedal and Wright [17]. Throughout this

chapter, we consider || - || as any vector norm, unless we say otherwise.

1.1 Newton’s method

Solving a system of nonlinear equations can be described as the problem of, given F :
R™ — R™ continuously differentiable in R”, finding z* € R™ such that

F(z*) = 0. (1.1)

Newton’s method is one of the most used methods to solve this problem. It is characterized

by use the Jacobian matrix at each iteration, which is defined in Definition 1.1.

Definition 1.1. Given f : R" — R™ and defining, for each j € {1,...,m}, the function
fi : R" = R such that f(z) = (fi(x),..., fm(x)) for all x € R", the Jacobian matriz of f
at the point a € R™ is defined as

0, 0, 2]

g0 G - g
J(a) = so(a) g2(a) ... 52(a) |

am 8m am

Gola) e ... f2

where g—g(a) is the partial derivative of function f; with respect to z; at the point a € R".

The operation of Newton’s method is based on Lemmas 1.3 and 1.4. The second one,
in particular, uses the concept of Lipschitz continuous function, presented in Definition
1.2.
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Definition 1.2. Suppose that || - ||1 and || - |2 are norms in R™ and R™, respectively. A
function f : R™ — R™ is said to be Lispchitz continuous at x € R™ if there are L > 0 and

an open set D C R"™ containing x such that

1) = FW)ll < Lz =yl (1.2)
forally € D. If (1.2) holds for each x € D, then f is Lipschitz continuous in D.

We can observe that, since it is possible define matrix norms, Definition 1.2 can be
extended to functions f which have its domain or counter-domain being a matrix space,

such as for example R™*".

Lemma 1.3. Let F : R* — R" be continuously differentiable in some open convex set
D CcR"” Gwenx,x+péeD

1
F(x+p)—F(:B):/ J(x+tp)p dt (1.3)

0
Proof. The proof can be found in Lemma 4.1.9 of [3]. O

Lemma 1.4. Suppose that F' : R" — R" is continuously differentiable in some open
conver set D C R™, x € D and the Jacobian J : R™ — R™ " 4s Lipschitz continuous at x
in the neighborhood D with constant L > 0. Then, for any x +p € D,

|F(x+p) — F(a) - J@)pl < Zlpl?.

Proof. The proof can be found in Lemma 4.1.12 of [3]. O

If the hypotheses are satisfied, lemmas 1.3 and 1.4 allow us to describe J(z)p as an
approximation for the right-hand side of equation (1.3) for p with sufficiently small value

of its norm. Therefore, we can describe a linear model M : R” — R" as

M(z +p) = F(x)+ J(x)p (1.4)

that will approximate the function F' at point x, that is, the closer p is to null vector, the
better will be the approximation of function F' by linear model M.

Letting z; be the current iterate, Newton’s method is characterized by approximating
function F' at xj by a linear model M}, : R" — R" in the form of (1.4) and select

Tpt1 = Tg + Pi

where py is such that My (zy + px) = 0, which implies

pe = —J () F () (1.5)
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whenever J(x;,)"! exists, by equation (1.4).

We describe Newton’s method for nonlinear equations by Algorithm 1.5.

Algorithm 1.5. (Newton’s method for nonlinear equations).
Given xg;
fork=0,1,2, ..
Step 1: Compute the vector py with the equation (1.5);
Step 2: xj.1 < T + DPi;
end(for)

As we show below, in Theorem 1.8, Newton’s method have quadratic local conver-
gence to the solution z* of problem (1.1) under some hypotheses. The concept of local
convergence is related to how close the first iterate zy should be to z* to guarantee that
the sequence of iterates {z}} generated by the algorithm will approach this solution. On
the other hand, the quadratic convergence is a concept related to how fast the iterates
of the algorithm will approach the solution x*. In the following, we will formally define

these terms.

Definition 1.6. Suppose that z* € R™ is a solution of problem (1.1). An algorithm is
said to be local convergent to x* if there is § > 0 such that the occurrence of ||xg—x*|| < §

implies that the sequence {xy} generated by the algorithm converges to x*.

Definition 1.7. Suppose that x* € R™ is a solution of problem (1.1). An algorithm is
said to be quadratically convergent to x* when, being {xx} the sequence generated by the
algorithm, there are kg € N and ¢ > 0 such that, if k > ko then

e — 27| < ellw — 27|

Theorem 1.8. Suppose that J(x*) is nonsingular, F : R" — R™ is continuously differ-
entiable and J : R — R™ ™ is Lipschitz continuous, both in an open conver set D C R"

that contains x*. There exists € > 0 such that, if ||zo — x*|| < €, then the sequence defined
by
T4l = T — J(xk)_lF(xk),

which is generated by Algorithm 1.5, is well defined and converges quadratically to x*.

Proof. This result is a particular case of Theorem 5.2.1 of [3]. O

1.2 Broyden’s method

Newton’s method is known to be good, but can be expensive. In general, this occurs

because of the necessity of computing matrix J(xy) and solve (1.5) to obtain py at each



1.2 Broyden’s method 13

iteration k. By this reason, there are the quasi-Newton methods, which are character-
ized by computing an approximation By for J(zj) that makes less expensive the task of
obtaining pjy at each iteration k. This class of methods are described by Algorithm 1.9.

Algorithm 1.9. (Quasi-Newton method for nonlinear equations).
Given xog and By;
fork=0,1,2, ..
Step 1: Compute vector p, = — B, 'F(x});
Step 2: xj11 < T + DPi;
Step 3: Obtain Byy1;
end(for)

As we can see, at each iteration k, quasi-Newton and Newton’s methods use the same
strategy to find the next iterate. The only difference is that quasi-Newton methods build
a linear model M}, : R — R" defined by

My (xp + p) = F(x1) + Bip, (1.6)

which uses By as the coefficient matrix, rather than J(xy).

There is a particular class of quasi-Newton methods called secant methods. This group
is characterized by satisfying the secant equation at each iteration k, which is defined
by

Bry1Sk = Yk, (1.7)

where s, = x4 — 2 and yp = F(xg11) — F(x). In this case, using the definition of M,
My (zr) = Bp0 + F(zy) = F(xy).
Moreover, by the secant equation we have
Tho1 = T + Bk_l(F(xk_l) — F(zy)),
which implies
Mi(x5-1) = My(2p+By  (F (1) = F () = Flay)+Be By (F(w—1)—F () = F(ap-).

Therefore, we conclude that M} interpolates F' at points xp and xp_1, that is, the graph
of My, is secant to the graph of F' at theses points.

When we consider the problem of finding z* € R such that F(z*) = 0 for scalar
functions F' : R — R, an interesting comparison between Newton’s and secant methods
can be made in a geometric point of view. In Newton’s method, given xy, the intersection
between x axis and the tangent to the graph of I’ at the point z; will be the next iterate

Tk+1, as we can see in Figure 1.1.
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tangent

/ /mk+1 Ty

Figure 1.1: One step of Newton’s method.

In secant methods, on the other hand, at each iteration k the next iterate xy; will be
obtained from the intersection between x axis and the linear model that interpolates the
graph of F' at points (zy_1, F(xx_1)) and (x, F(x)). This fact is illustrated in Figure
1.2.

F(Il’,‘kfl)

F(xp)r

/ Tri1 Ty Tp_1

Figure 1.2: One step of secant method.

Going further, there is still a particular class of secant methods which, for all £ € N,
uses B} to obtain By, through the equation
(yr — Brsi)wy,

Byy1 = By + = ; (1.8)

where wy € R™ and w] s, # 0. These methods are guaranteed secant methods because,
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for any k € N,

(yr, — Brsg)w}

Biy1sk = | Br + T

sk, = Bysk + (yx — BeSk) = Y,

and then all the matrices of the sequence {By} generated by (1.8) satisfy the secant
equation.

In this work, we use extensively a particular method that satisfies (1.8) with wy = sj.
It is called Broyden’s method and is described by Algorithm 1.10.

Algorithm 1.10. (Broyden’s method).

Given xo and By;

fork=0,1,2, ..
Step 1: Compute the vector py = — By ' F(xy);
Step 2: vj1 < T + Di;
Step 3: s < T — xp;
Step 4: yp < F(xp1) — F(ag);
Step 5: By, < Br + %;

end(for) '

In the sequence, it is showed Definition 1.11 and 1.12. The first one concerns a
characterization of how fast the sequence {z;} generated by an algorithm converges to
the point z*. On the other side, given some matrix C' € R™" and norm || - || of R™,
Definition 1.12 shows a measure related to C' that represents the largest distortion that C'
can cause in a vector x # 0 with respect to the norm || - ||. These definitions are necessary
for the Theorem 1.13, which guarantees the superlinear local convergence of Broyden’s
method.

Definition 1.11. Suppose that z* € R" is a solution of problem (1.1). An algorithm is
said to be superlinearly convergent to x* when, being {xy} the sequence generated by the

algorithm, there is a sequence {ry} of positive scalars converging to 0 such that
[k — 2| < rel|w, — 27
for all k € N.

Definition 1.12. A matriz norm || - || in R™" is induced by a vector norm || - || of R"

when, given any matriz C' € R™",

ICl = sup {”C‘"”” }

x#0,x€R™
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Theorem 1.13. Let us denote || -||2 as the Euclidian vector norm and its induced matrix
norm. Suppose that F : R — R™ is continuously differentiable and J : R" — R™™ g
Lipschitz continuous, both in a open convex set D C R™ that contains x*, where J(x*) is

nonsingular. There are €,0 > 0 such that, if
[0 — a*[l2 < € and || By — J(2")[]2 < 6

then the sequence {xy} generated by Broyden’s method is well defined and converges su-

perlinearly to x*.

Proof. The proof follows by Theorem 8.2.2 of [3]. O



CHAPTER 2

Interior point methods

As described by Gondzio [7], since the 1940s, linear programming problems have attracted
a lot of attention in the field of Optimization. One of the first methods that emerged
aiming to solve this type of problem was the Simplex method (see Chapter 13 of [17]).
A negative characteristic of this method is that it is not polynomial, that is, it does not
occur that the number of iterations of the algorithm will always be related to a polynomial
whose dimension is the domain of the objective function. This fact can be observed in
Klee and Minty [12], which shows a problem of dimension n such that the Simplex method
requires 2" iterations to finds the solution. Thus, it is possible to find problems where
Simplex would be a very expensive method to solve. However, in practice, the Simplex
generally proved to be a very effective method, then was widely used for many years and
still remains in use.

Considering this Simplex drawback, researchers searched for a long time to elaborate
a polynomial method to solve linear programming problems. In this sense, the first two
polynomial algorithms for solving these problems was developed by Dikin [4], in 1967,
and Khachiyan [11], in the late 1970s. In particular, the second one sought to build a
sequence of ellipsoids, so that the respective centers of each one constituted a sequence
which approach a solution of the problem. Despite being polynomial, this method did not
prove to be efficient in practice. Because of this, in the middle of 1980s, Karmarkar [10]
devised a refinement of this algorithm, which added some geometric strategies in order to
retain its polynomiality while improving its performance in practice.

After obtaining these promising results in the sense of obtaining an efficient and poly-
nomial algorithm for solving linear programming problems, a large part of the field of
Optimization started to seek for developing strategies with the purpose of elaborating
algorithms that fit these characteristics. This gave rise to the class of methods currently
known as interior point methods.

In this chapter, we present the interior point methods, which are popular methods to
solve linear programming problems, since it is polynomial and generally quite efficient in

practice. In Section 2.1, we show a standard primal-dual version of the method, which
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uses as a basis the Newton’s method, and prove some related properties. In Section 2.2,
we present an alternative version of the method, which uses a quasi-Newton approach,
and obtain a result about its local convergence. The main references of this chapter are
3, 8, 17, 22].

2.1 Primal-dual IPM for linear programming

In order to define the general problem used in this work, we first need Definition 2.1.

Definition 2.1. The column rank of a matriz A € R™" is the mazimum number of
linearly independent columns in the matrix A. Analogously, the row rank is the mazimum
number of linearly independent rows in this matriz. The matrix A have full column rank
if all its columns are linearly independent vectors. In the same way, A is said to be a

matrix with full row rank if all its rows are linearly independent vectors.

The linear programming problem considered in this work is

T

min c'x
st. Az =10 (2.1)
x>0,

where ¢,z € R", b € R™, m <n and A € R™*" is a matrix with full row rank. The KKT

conditions of this problem can be written as

AT N +z2=¢
Ar=0>
XZe=0
(x,2) >0

(2.2)

where A € R™, z € R™ are the Lagrange multipliers, e € R" is a vector with all coordinates
equal to 1 and X, Z € R™"™ are diagonal matrices with the main diagonal containing the
vectors x and z, respectively.

From now on, let us denote the solution of (2.1) as x*, the vector (z,\, z) € RY as w,
where N = 2n + m, the solution of (2.2) as w* = (z*, \*, 2*), and the Euclidian vector
norm and its induced matrix norm as || - ||, unless we say otherwise. In the sequence, we

present some necessary definitions for the next results.

Definition 2.2. A function f : R™ — R is said to be convex if, given any x,y € R"™ and
t € 10,1}, it occurs

S =tz +ty) < (1 —1)f(z) +1f(y).

If this inequality holds strictly, f is said a strict convex function.
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Definition 2.3. Given a function f : R" — R™, the problem

min  f(z)

2.3
s.t. xe K ( )

1s said to be a convexr programming problem if f is a convexr function and K is a convex
set. When f s a strict convexr function, the problem can also be called a strict conver

programming problem.
Lemma 2.4 relates problem (2.1) with conditions (2.2).

Lemma 2.4. A vector x* € R" solves (2.1) if and only if there are z* € R™ and \* € R™
such that x*,\* and z* satisfy (2.2).

Proof. As we can see in [17, Section 12.6], the first order necessary optimality conditions
hold in problem (2.1), since the constraints are linear.
Let us prove that problem (2.1) is a convex programming problem. In fact, we can

see that, given any y,y’ € R" and ¢ € [0, 1],
1=ty +ty)=(1—t)cy+tcy,

then the function ¢’z is convex. Moreover, given y = (yi,...,y,) and vy = (¢}, ..., v))
vectors contained in the feasible set of problem (2.1), we have Ay = b and Ay’ = b, while
Yy;,y; > 0 for all j € {1,...,n}. Given any vector z contained in the segment between y
and y', there is t € [0, 1] such that z = ty + (1 — t)y/. Therefore, for any j € {1,...,n}
occurs z; = ty; + (1 —t)y; > 0, while

Az=Alty+ (1 —t)y) =tAy+ (1 —t)Ay' = tb+ (1 — t)b = b,

which implies that z is in the feasible set of the (2.1) also. From this, we have that all the
segment between y and y’ is contained in this feasible set, and then it is convex, which
guarantees that (2.1) is a convex programming problem.

In [17, Section 13.1] we can observe that the first order sufficient optimality conditions

hold if problem (2.1) is a convex programming problem, which finishes the proof. O]
Given a constant p > 0, consider the problem

n
min CTZE_HE In z;

Jj=1

s.t. Az =0

(2.4)
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By considering a new variable z = uX e, the KKT conditions of (2.4) can be described

as
AT N+ z=¢

Ax =10
XZe = pe
(x,2) > 0.

(2.5)

In order to associate problem (2.4) with conditions (2.5), we have Lemma 2.5.

Lemma 2.5. A vector x* € R"™ solves problem (2.4) if and only if there are \* € R™ and
z* € R™ such that x*, \* and z* satisfy (2.5).

Proof. The first order necessary optimality conditions hold in problem (2.4) because the
constraints are linear, as showed in [17, Section 12.6].

On the other hand, for the first order sufficient optimality conditions, by defining the
Lagrangian function £ : R" x R™ — R of problem (2.4) as

m

Lz, \)=clo— ,uZln T — Z[)\Z(AZTx —b)l,

7j=1 =1

where A;. is the i-th row vector of A, we obtain its Hessian with respect the x variables
at vector (x*, \*) € R™™™ V2 L(x* \*), as

10 0
1
) 0 % 0
Ve L™ X)) = p "
0 0 L

As x; >0 for all i € {1,...,n}, V2, L(z*, \*) is positive definite, and then the statement
follows by Theorem 12.6 of [17]. O

Let us define the primal-dual strictly feasible set F° as
Fo={weRY; Az = b, A"\ + 2z =c,(x,2) > 0}. (2.6)

The system (2.5) is frequently used by IPMs. Therefore, Lemma 2.6, which is a speci-
fication of Theorem 17.2 of [21] for our case, implies that a necessary condition to the

application of IPMs is F° # &, since this guarantees the existence of solution for (2.5).
Lemma 2.6. Given any p > 0, system (2.5) has a unique solution if and only if F° # @.

Proof. If system (2.5) have a unique solution (z*, \*, 2*) € RY, then Az* = b, AT\*+2* =
¢, (x*,2) > 0 and zfzf = p > 0 for all ¢ € {1,...,n}. The last two conditions imply
(z*,2*) > 0, therefore (z*, \*, 2*) € F° and then we have F° # &.
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Suppose now that F° # &, then there is (7, \, 2) € F°. Let us consider any pu > 0
and the function f, : W — R, where W = {z = (21,...,z,) € R%j2z; >0V j € {1,...,n}}
defined by

fu(z) =c'z — MZIH ;.
j=1

Observe that this function is a sum between a strictly convex function and a linear func-
tion, which we saw is convex in the proof of Lemma 2.4. This fact implies that f, is also
strictly convex, and therefore the set {z € R™; f,(x) < d} is bounded for any d € R. By

this fact, the inverse image of (—oo, f,(Z)] under f,, which is

i (=00, fu(@)]) = {z € R"; ful2) < fu(@)},

is a bounded set. Let us prove that it is also closed.
The function f, is a sum between continuous functions, thus is continuous. Therefore,
since the set (—oo, f,(Z)] is closed in R, it occurs that f,'((—ooc, f.(Z)]) is closed in

W, which is the domain of this function. If there is ' = (z1,...,2}) in the closure of

[t (=00, fu(%)]) such that 2’ ¢ W then there would be i € {1,...,n} where 2} = 0. In
this case, there would be a sequence {y;} of vectors y; = (y1, ..., yjn) € f,, (=00, fu(Z)])
convergent to z’, which implies that {y;;} — 0 as j — oo and then {lny;;} — —o0
while the sequence {Iny;;} is bounded above for all k¥ € {1,...,n} such that k # i, since
frt (=00, fu(%)]) is bounded. Therefore, {f,(y;)} — oo and then the sequence {y;} is
not contained in f,*((—oo0, f,(Z)]), which is a contradiction. This fact implies that the
closure of f,'((—oo0, f,()]) is contained in T, and therefore this set is closed in R™.

Counsider the set
A={z e R Ar =b,xz >0, f,.(z) < f.(2)},

then A # @, since T € A. Let us prove that A is a compact set.
We can write

A={z e R Ar=b} N {z eR" 2 >0} N {z e R f.(x) < fu.(2)}. (2.7)

This set is closed because it is a finite intersection between closed sets: a linear space, a
half space and a closed set by the previous paragraph. It is bounded, since A C {x €
R™; fu.(z) < fu.(Z)} also by the previous paragraph. Therefore, A is compact.

Let us consider f,|4 : . A — R as the restriction of the function f, to the compact set
A. As f,|a is a continuous function with compact domain, there is z* € A such that
fu(z*) < fu(z) for all x € A. We can see that, as z* € A, it occurs Az* = b, which
implies that 2* is feasible for problem (2.4). Given any = € R" feasible for (2.4), we have
two possibilities: z € A or not. If z € A then f,(x) > f,(z*) by the fact that z* is a
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minimizer of f,| 4. If not, then either the function f, is not well defined at point z, which
means that z; < 0 for some i € {1,...,n}, or it is well defined and f,(x) > f.(z) > f.(z*).
Therefore, z* is a solution for problem (2.4) and then, by Lemma 2.5, there are A* € R™
and z* € R™ such that x*, \* and z* satisfy system (2.5), which finishes the proof of the
solution’s existence.

For the proof of uniqueness, assume that z*, \* and z* satisfy system (2.5). By Lemma
2.5, z* is a solution of problem (2.4), which is a strict convex programming problem.
Therefore, from [15, Theorem 3.1.17], this problem have at most one solution, which
implies that z* is unique and so is z* as well, since z* = puX* e is satisfied. Finally, by
system (2.5), we have AT\* + 2* = c. As A have full row rank, then AT is a injective

function, which guarantees the uniqueness of \* and finishes the proof. m

From Lemma 2.6, being RT the set of positive scalars, we can define a function h :
R* — RY which relates each 1 > 0 with the vector (z,, A, z,) that satisfies system (2.5)
for this respective scalar. The image of this function is called central path. In Lemma
2.8 will be showed an important property about this function. However, for its proof, we

need of Lemma 2.7.

Lemma 2.7. Suppose that

0 AT I,
A 0 O
Z 0 X

s a matrix where A € R™*™ have full row rank, I, € R™"™ is the identity matriz and
Z, X € R™™ are diagonal matrices where the elements of its main diagonals, denoted by

z; and x; respectively, are all strictly positive. Then, this matrixz is nonsingular.

Proof. To prove the nonsingularity of this matrix, it is sufficient we guarantee that, given
any vector (u,v,w) € RY such that u,w € R" and v € R™, if

0 AT I, u 0
A0 of]lwo]|=]0 (2.8)
Z 0 X w 0

then u, v and w are null vectors.
In fact, by (2.8) we have

ATv+w =0
Au =10 (2.9)
Zu+ Xw=0.

Through the last equation of system (2.9),
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for all i € {1,...,n}. Observe that, by the first equation of (2.9),
u' (ATv +w) = u"0 =0,
which implies
(Au)™v +u"w =0

and then
uw =0, (2.11)

through the second equation of (2.9).
We can see that (2.11) is equivalent to

> waw; =0, (2.12)
=1

which through (2.10) implies that

_ Z:: (%) u? = 0. (2.13)

By (2.13), since x;,z; > 0 for all i € {1,...,n}, it must occur v = 0. Analogously, by
applying (2.10) in (2.12), we have

which implies that w = 0.
Finally, ATv +w = 0 implies A”v = 0. Since A have full row rank, then A7 have full

column rank, which implies v = 0 and finishes the proof. O]

Lemma 2.8. The function h : RT — RN defined such that, for each u > 0, h(u) =

(@1, Auy 2,) which satisfy system (2.5), is continuous.

Proof. Let us define G : Q C R x RY — RY where Q = {(u, (z,\,2)) € Rx RY; p, v, 2 >
0} and

ATN+z2—¢
G(M> ($7 )\72)) = Az —b
XZe— e

Observe that G is continuously differentiable in €2 and that €2 is an open set, since it is

a finite product between open sets. Let us consider any po > 0. By Lemma 2.6, there
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18 (Zugs Auos Zo) € RY which satisfies system (2.5) for this scalar, which implies that
(10, (T Ay Ze)) € Q and G(pio, (g, Auos 2u0)) = 0. The Jacobian of G at this point is

0 0o AT I,
JG(:“Oa (xuov)‘uovzuo)) = 0 A 0 0 )
—€ Zuo 0 X,uo

where I,, € R™" is the identity matrix. As A have full row rank, by Lemma 2.7 the

matrix
0 AT | n
A 0 0
Z Mo O X Ko

is nonsingular. Therefore, by the Implicit Function Theorem, which can be found at [14,
Theorem 6, Chapter 6], there are an open set V' C R containing jio and an open set U C 2
containing (£10, (Tygs A\ugs Z1o)) Such that there is a differentiable function g : V' — RY
where g(110)=(Z o, Auos 2uo) and for all p € V occurs (u, g(p)) € U and G(u, g(p)) = 0.
Therefore, given any u € V, g(u) satisfies system (2.5) for this scalar. However, by
Lemma 2.6, this solution is unique, which implies g(u) = h(p) for all 4 € V, and then
g=hlv.

As g € V, hly is continuous and V' is an open set, then h is continuous at .

Therefore, by the arbitrary choice of py, we obtain that h is continuous. O]

By the continuity of the central path, as p tends to zero, the solution of problem (2.4)
becomes each time more similar to the solution of problem (2.1). The standard version
of the IPMs works through this strategy. At each iteration, given u > 0, one iteration
of Newton’s method is executed to solve system (2.5) in order to approximate the iterate
to the solution of subproblem (2.4) using op instead of u, where o € (0,1). Therefore,
throughout the iterations, the IPMs brings 1 to 0 and leads the iterates to a solution of
(2.1).

As showed in [17, Chapter 14], a standard primal-dual IPM for solving (2.1) is de-
scribed by Algorithm 2.9.

Algorithm 2.9. (Standard primal-dual IPM for solving (2.1)).
Given (xg, N, 20) such that (g, 29) > 0;
fork=0,1,2, ..

Step 1: Compute
.%‘ZZ]C

Pk (2.14)

and choose o, € (0,1);
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Step 2: Compute the Newton’s direction by solving the linear system

0 AT [n Axk C — AT)\k — Zk
A 0 0 AN, | = b— Axy, : (2.15)
Zk 0 Xk Azk OklUE€ — Xkae

Step 3: wyy1  wy + ap(Azg, AN, Azy), where oy, € (0,1] is such that

(Tha1s 21r1) > 0;
end(for)

The information that Lemma 2.8 sends to us provides an important geometric notion
about the way that this primal-dual IPM works, by considering the strategy that we
commented above. At each iteration k, we have a value p; > 0, which is computed
through (2.14), and then it is a good measure of how close the current iterate wy is to
satisfying the condition X;Zye = 0. Through the iteration of Newton’s method that
is realized, the new iterate approximates a solution of subproblem (2.4) using oy as
the constant p of its general form. By the fact that o, € (0,1), the solution of this
subproblem is a point of the central path closer to the solution w* than the point of
central path correspondent to uj. Thus, wg.q will be closer to the solution w* than
wy, and then, through (2.14), pgyq will be closer to 0 than pg. Therefore, throughout
the iterations, the method generates iterates that follows the central path and, as the
sequence {yy} tends to zero, go towards the solution of problem (2.1).

In the literature about IPMs, there are two variables which can be called as “centrality
parameter”: the o and the p. Some authors, like for example Gondzio [7], call o as
being the centrality parameter because, by the way that the standard primal-dual IPM
works, we can control the proximity between the next iterate wy,; and the central path
through this value. If ¢ is close to 0, then the Newton step of the IPM will place more
importance on generating a new iterate wy,; with a relevant proximity to the solution
w* than generating one close to the central path, which is a risky step in relation to
the necessity of (rg11,2x+1) > 0. Analogously, if ¢ is close to 1, then the objective will
be to generate wy,; close to the central path, even if no relevant approximation to the
solution is obtained in this iteration, which promotes security in relation to the condition
(k+1, 2k+1) > 0. On the other hand, authors like Wright [22] consider u as the centrality

parameter by the fact that this variable parametrizes the central path.
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2.2 IPM with quasi-Newton approach

Let us define the function F': RV — RY by

ATA+ 2 —¢
F(w) = Az —b . (2.16)
XZe

Finding a solution for (2.2), and therefore for (2.1), by Lemma 2.4 is equivalent to find
w* € RY such that F(w*) = 0 and (z*, 2*) > 0. Therefore, we can see the standard version
of primal-dual IPM as a method with this objective. In this case, at each iteration k,

solving equation (2.15) is equivalent to computing the Newton’s direction for the system

0
F(wy) = 0
OkHE€
with gy > 0 and o4, € (0,1). The coefficient matrix of (2.15) can be denoted as J(wy,) for
all k£ € N, since it coincides with the Jacobian of the function F' at wy.

One of the most expensive steps of the standard primal-dual IPM is solving system
(2.15). Therefore, in [8] it was elaborated a method that, at each iteration k, uses a
Broyden approach By of the matrix J(wy), with the goal that the computation of the

direction through equation

Al’k C — AT)\k — Zk
Azk OrlUK€ — Xkae

is less expensive than with (2.15).
Our goal in this section is to understand some local properties of Newton and quasi-
Newton IPMs under the framework of algorithms for systems of nonlinear equations [3, 15].

To do this, we first need to define some concepts.

Definition 2.10. An algorithm is said to be linearly convergent to w* when, being {wy}
the sequence generated by the algorithm, there are kg € N and r € (0,1) such that, if
k > ko then

[wp 1 = w'[| < rljwy —w™.

An IPM is said to be feasible if all the iterates wj are in the set F° defined in
(2.6). In Lemma 2.11, Lemma 2.12 and Theorem 2.15 we built a result about the linear
local convergence of the feasible IPM with quasi-Newton approach, which solves at each

iteration k the equation (2.17) instead of (2.15), where By is the Broyden approach of
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matrix J(wy). In this analysis, the function F' considered is defined by (2.16) and J is its
respective Jacobian, which coincides with the coefficient matrix of (2.15) when applied at

Wi,

Lemma 2 11. If v = (xy, ..., xy) and z = (21, ..., 2,) are vectors in R"™ satisfying x,z > 0
and p ===, then |pe| < [[X Ze].

Proof. Firstly, let us prove that

n n 2
anfzf > (Z xizi> . (2.18)
i=1 i=1

Observe that

n

0 S Z(aclzl — xiz,-)z

=2
n

n

Z(@Zz - xizz’)z

=3

n + oo+ [(Ta120m1 — Tpzn)?] =

2.2 2.2
E T12] Xz — 2wz |+ E Ta2s 4+ 1222 — 2o2pmi2; | 4+ .t

2 2 22 _
[xnflznfl +az — an,lzn,lxnzn] =
n n n
2.2
(n—1) E x;zl | —2 12107 | + E Tozox;iZi | + oo + (Tn_12n_1Tnzn) | -
i=1 i=2 i=3

Therefore,

(o)
(o) [Eo)

which implies that

+ (Z szz:@%) + .t (wnlznlxnzn)] ;

2 [(Z xlzlxizi> (Z ToZoXiZi | + ... + (xn 12n— 1$n2n)
=2

=3

+ (Xn: a:?zf) =

=1

as we wanted.
By (2.18), it occurs that

" oxiz)’
21222 Z z 17t > 0’

n =
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therefore

zn:x%z? > iy i) (2.19)

— 171 — \/ﬁ
Since

X Ze|| =
and "
el = /i = =5

by (2.19) we have that || X Ze|| > ||ue||, which finishes the proof. O

Lemma 2.12. Consider a matriv B € RN*N. Given r € (0,1), there exist 1, 6; > 0
and &, € (0,1) such that, if |[w — w*|| < e, ||B — J(w*)|| < b1, J(w*) is nonsingular,
W= % and a € (a, 1), then

1s well defined and

lw = w|| < rllw —w.

Proof. Consider r € (0,1) and 3 : RY — R defined by S(w) = ||F(w) — J(w*)(w — w*)]|.
Observe that we have
plw)

lim =
w — w*||

w—w*

by the fact that F' is differentiable. Consider also 4, ¢ and €; sufficiently close to 0 where

1 — .
01 < M@ =TT and & sufficiently close to 1 such that

1 Bw) e r
h+all+s) sup ——+ 1A+ (0-Da)[|J(w)] < 77— (2.20)
1 oz & =] 20w
and T (5 — 1
R MR [ .
fw—wr<er [|w —w] 1+0
hold.
If all the hypotheses are satisfied, then ||B — J(w*)|| < m, which implies
*\—1 * *\—1 * *\—1 1 1
17 (w*) (B = J(@")) | < | (") I(B = J@)| < () 5777 < 5 < -

20| (w) =M~ 2
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From this, by Theorem 3.1.4 of [3], B is nonsingular, therefore w is well defined and

- 1 (w*) | 1
1B~ < = < 2| J(w?) "l (2.22)
1= |[J(w*)=1(B = J(w))|
0
Let us define ¥ = 0 |, then
oue

[0 — w*|| = [Jw = aB™H(F(w) — X) —w*|| =
|w — aB™'F(w) + aB™'Y — w* — B~ J(w*)(w — w*) + B~ J(w*)(w — w*)|| <
lw —w* = B (w*)(w = w) || + |B~H(—aF (w) + J (w*)(w — w*) + aX)].
(2.23)

For the first term on the right-hand side,

lw — w* — B J(w*)(w — w*)| = |B(B(w — w*) — J(w*)(w — w*))|| <
BB = ) — w0 < 20 0") . 224
By Lemma 2.11,

IS0 = lonell = sluell < o1X Zel| = 71X Ze - [T o(w — w) + [ (@)la(w — )|

where [J(w*)]3 is the third row block of J(w*). From this,

I%] <
a(|XZe = [J(w)]s(w — w)|| + [/ (w")]s(w — w")[]) < (2.25)
o (B(w) + [[J(w)llw — w]]).

By considering the second term of (2.23), through the consistency of the norm and some

manipulation of the terms we have

| B~ () + J(uw)(w — w) + aS)]| <
| B~ — aF(w) + J(w*)(w — w*) + aX — aJ(w*)(w — w*) + aJ (w*)(w — w*)|| =
1B~ = a(F(w) = J(w*)(w — w*)) + (1 = ) J (w*)(w — w*) + aX]].

Through (2.22) and the triangular inequality it occurs

1B = e (w) = J (w*)(w — w*)) + (1 = ) J(w*) (w — w*) + o <
201 (w*) e F(w) = J(w*) (w — w) || + (1 = a) [ J (w*) (w — w)[| + af|Z]].

By the definition of (3, the consistency of the norm and (2.25) we have

2017 (w) el F(w) = J(w) (w = w) [ + (1 = a)[|J () (w —w)|| + al| S]] <
2[[J(w*)~Hl[ep(w) + (1 = a) | (w)[[[lw — w*[| + a& (B(w) + || (w) || [w — w?|])].
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Finally, with some manipulation, we obtain

2[1J (w) " HI[eB(w) + (1 — o)
2[1J (w) = [[e(1 +
_l’_

27 (w*) = le(1

From this, we have that

~—

| J(w)[[lw = w*[| + aa(B(w) + [|J (w)|[lw — w*|))] =
)B(w ) (14 (g = D[ J(w)[[|w = w*[|] =
) ey + (14 (0 = Da) || (w) )l — w|.

q |

Qi

1B~ (—aF (w) + J(w*)(w — w*) + aX)|| <

20w Mol + @) 2 + (14 (5 — D))l — ]| (2:26)
Thus, by (2.23), (2.24) and (2.26),
@ — )l < .
2076w (5 -+ a1 4+ ) 2% + (14 (7 = DS} o=
From (2.21), if o € (&, 1) then
al(1+) swp )0 - 1) <
al(1+0) s e - 1)
With some manipulation, this implies
at40) swp TP (1 (o - D)) <
-l <e: o (2.28)
a1+0) s 2y (14 6 - Da)lIw)]l

lo—wf<e; |0 —w*]|

Thus, using (2.20), (2.27) and (2.28),
lw —w| <

M) (6 +al+5) sup )

lw—w*|<er [0 — w*|

+(1+ (@ = Da)[[J(@)] | flw —w[| <

A (f+ai+0) s (14 (o= @) )] ) ) <

201 (w*) M gz llw — w*ll =
rllw —w,

which finishes the proof. O

Before we show the last result about the linear local convergence of the feasible IPM

with quasi-Newton approach, we need a well-known result.
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Definition 2.13. Given a matrix C € R™*", the Frobenius norm || - |r is defined as

Icllr = | SN Cli e,

i=1 j=1

where C[i, j| is the element contained in i-th row and j-th column of matriz C'.

Lemma 2.14. Suppose that ||-|| is the matriz norm induced by the FEuclidian vector norm
and || - ||F is the Frobenius norm, both defined in R™ ™. Given any matriz C' € R"™ ™, it
occurs

ICll2 < [[C]l -

Proof. Let us consider the sets

Cx
D= {10y 2o} and 1= (1Cals ol = 11

1l

It is clear that £ C D. On the other hand, given any scalar y € D,

Cx 1 T
y= 12l _ ncﬂbzuc(——)
lzll2 [lzl2 ]2

which is an element of E. Therefore, we have D C E and then D = E. This fact implies
that, through Definition 1.12,

9
2

1Cl2 = sup {[[Cx[ls} (2.29)

[[#]l2=1

Let any « € R™ such that ||z||2 = 1. By the definition of || - ||2 it occurs

where (. is the i-th row vector of C'. The Cauchy-Schwartz inequality affirms that, given

any vectors u and v in a space with an inner product, it occurs that
[ v| < [full[Jv]]-

From this, we have

(Ci2)* < (ICxl2ll2ll2)* = IIC: 3,

which implies

[Cll2 <

DGl =1Clr.
i=1
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Therefore,
sup {||Cz(|2} < [|C]r,

[[=]l2=1
which implies by (2.29) that
ICll2 < [[Cllp.

]

Let us denote as Hypothesis H the assumption that all the iterates wy obtained
from an IPM with quasi-Newton approach satisfy (zy, zx) > 0. We can note that, usually,
this hypothesis is not necessary, since given any k € N where (zy, zx) > 0 we can choose
the step length a4 sufficiently close to 0 such that (zj41,2r+1) > 0 holds. However, in
this case, we need to use Lemma 2.12, and then it must occurs ay, € (@, 1) for all £ € N,
which does not allow us to select the value of ;. as close to 0 as we want. Under this
hypothesis, Theorem 2.15 guarantees the linear local convergence of this feasible method.
About this result, it is interesting to note that it is valid for the Broyden method using
By = J(wy), and not for any previously selected By matrix. This is because, in its proof,
it is necessary to use Lemma 1 of [8], and also to use the fact that this Jacobian J is a

continuous function in order to start an induction process involving the matrices By.

Theorem 2.15. Letr € (0,1). There exists € > 0 such that, if wy is feasible, ||wo—w*|| <
€, By = J(wy), By is the Broyden approach of matriz J(wy) for all k € N and Hypothesis
H is satisfied, then the sequence given by

0
Wg41 = W, — akBk_l F(wg) — 0 ) (2.30)

ouie

where oy € (@, 1) for all k € N considering & and & provided by Lemma 2.12, is well

defined and converges linearly to w*.

Proof. Given r € (0,1), let us consider &,a,€;,d; > 0 obtained from Lemma 2.12 and
§ > 0 such that § < 6,. Observe that the Jacobian J : RY — RM*¥ is Lipschitz
continuous in all RY. In fact, given any w = (2, A, z) and w’ = (2/, X, 2’) in RY we have
that

0 AT I, 0 AT I,
|J(w) = JW)]|=|| A 0 0 |—|A 0 0 =
Z 0 X Z' 0 X
0 0 0 0 0 0
0 0 0 < 0 0 0 =
Z-7" 0 X-X Z—-7"0 X-X »
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Iz —2",0,z =) < [(z = 2", A= X, 2 = &) = |lw — '],

where || - || is the Frobenius norm.

As J is continuous, it is possible to obtain e; > 0 sufficiently close to 0 such that
|wo — w*|| < €3 implies || By — J(w*)|| = ||J(wo) — J(2*)]| < ¢ and, at the same time, the
¢ defined as € = min{ey, 2} is close enough to 0 so that ¢ + 5 1 1+’" < §; is satisfied.

Let us prove by induction that
|lwg —w*|| < e and ||Br — J(w)|| <6 VEkeN, (2.31)

where the sequence {wy} is generated by (2.30).
From the hypotheses, there are wy feasible and By = J(wy) such that

|lwo —w*|| <€ and || By — J(w")|| <.
Suppose, as induction hypothesis, that we have £ € N such that
lwp —w'l| < ¢ and B, — J(w)]| < 4
for all p < k. By Lemma 2.12,
[wir — w*l| < rllwp —w*| <re<e.

Let us prove with another induction process that

k
[Brir = J(w)l < [|1Bo = J(w")[| + 1(1 +7)[[wo — w’ <Z TJ) (2.32)

j=0

In fact, by Lemma 8.2.1 of [3] we have
* * 1 *
1By = J(w)I < [|Bo — J(w)ll + 5 (1 +7)lwo — w7,

which completes the first step of the process. Suppose, as induction hypothesis, that given
p such that 1 < p < k it occurs

* * 1 * — j
1By = J(w) | < ([ Bo = J(w?)l[ + 5 (1 +7)]wo — w7 (ZTJ> :
=0
Therefore, by Lemma 8.2.1 of [3]

* * 1 * *
1Bpr1 = J(wi)ll < 1By = J(w)ll + 5 ([wprr — w™|| + [Jwp — w?)),
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which implies, by the induction hypothesis, that
[Bpy1 — J (w")|| <

p—1
1Bo = J (w)|| + 5 (L + 1)l|wo — w*|| (Z 7”) + 3 (lwprr — || + fJwp —w]) <
j=0

‘k}
=l

p—1
1Bo = J(w)[| + 5(1 + 7)[Jwo — w| ( 7”) + 51+ 7)[w, —w*|| <
p

1Bo — J(w*)| + (14 7)llwo —wl| { v | + 5(1+7)r7[lwy —w*]| =
j=0

1Bo = J(w)|| + 5(1 + 1)l|wo — w*|| (Z Tj> :

J=0

which completes the last step of the process and then proves the veracity of (2.32). With
this, it occurs

. . 1 o o= 1 1+7
| B = J(w)l| < 1By = T (@) + 51+ 1) wy —w’| (Z) <O+ se— <4,

=0
which finishes the induction and proves (2.31). Thus, by Lemma 2.12 we have
|wg1 — w*|| < rljw, —w*||Vk € N.

Let us prove that if wy, = (zg, \g, 2) is feasible, then wyi1 = (Tk11, A1, 2k+1) 18 also
feasible. In fact, since wy, is feasible, it occurs

AT/\k +zr=c

and

Since the Jacobian matrix at some point wy, is the coefficient matrix of (2.15), that is

0 AT I,
Jw)=|A4 0o o0 |, (2.33)
Zy 0 X,

we can see that the first two row blocks of this matrix are constant for all £ € N, and then
it coincides with these blocks in matrix By, which is equals to J(wg) by hypothesis. One
of the results provided by Lemma 1 of [8] is that, if By is obtained through a Broyden’s
update (1.8) of By and the first two row blocks of By, coincide with those present in (2.33),

then the first two row blocks of By will also coincide. Therefore, since By = J(wyp), we
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have that all the matrices By obtained from Broyden’s method in this case have the first
two row blocks equal to those present in (2.33).

If we denote

Al‘k 0
AN, | = —B,;l F(wg) — 0 ,
Az T Jige

by (2.30) we have wy1 = wi+ag(Axg, AN, Azg), in the same way as Step 3 of Algorithm
2.9. By considering the fact that By have the first two row blocks equal to those of

Jacobian matrix (2.33), it occurs
ATAN + Azp=c— ATN — 2, =0

and

Therefore,
AT)\k+1 -+ Zk+1 — AT()\k —+ A)\k) -+ (Zk -+ Azk) = (AT)\k -+ Zk) + (ATAA]C -+ Azk) =C

and

Through Hypothesis H, we have (zjy1, zk+1) > 0, which implies that wy; is feasible, as
we wanted.
By considering the last affirmation proved, we obtain that the feasibility of w, guar-

antee this condition for all the sequence {wy}, which finishes the proof. n

We can observe that the result built through Lemma 2.12 and Theorem 2.15 requires
oy, sufficiently close to 1 for all £ € N and & sufficiently close to 0. This goes against
the conditions normally used in analogous results about interior point methods, which
normally require o, sufficiently close to 1 and oy sufficiently close to 0 as k — oo. This
first hypothesis aims to approximate the central path of the iterates along the iterations,
while the second one aims precisely to use this measure to guarantee the positivity of
vectors xp and z; at each iteration k, which avoids the use of Hypothesis H.

It is clear that the necessity of using Hypothesis H to build this convergence result
restricts its relevance with respect to applicability. Being necessary the use of this hy-
pothesis, this result may be relevant in an application situation where, for some reason,
we can guarantee that positivity will always hold for all iterates, and therefore we don’t
need to worry about it.

One possible way to construct a similar result while avoiding the use of the Hypothesis
H might be to use strategies related to the concept of central path neighborhoods, which
is a common assumption in interior points methods (see [17, Chapter 14]), which was not

considered in the present work.



CHAPTER 3

Nonsmooth equations in linear

programming

In this chapter, we apply nonsmooth variants of Newton’s and Broyden’s methods to
solve a system of nonsmooth equations equivalent to the KKT conditions of a linear
programming problem, in order to study their local and global convergence properties.
The main references of this chapter are Gomes-Ruggiero, Martinez and Santos [6] and Qi
and Jiang [20].

The work developed by Gomes-Ruggiero, Martinez and Santos [6] presents an algo-
rithm that aims to solve a system of nonlinear equations without hypotheses about its
differentiability. This algorithm uses local methods in its operation and has attractive
properties about global convergence. On the other hand, Qi and Jiang [20] show defini-
tions of systems of nonsmooth equations equivalent to the KKT conditions of nonlinearly
constrained programming problems and promote a very interesting study, relating char-
acteristics of the problem with properties of these systems, such as differentiability, for

example.

3.1 Nonsmooth equations

Qi and Jiang [20] considered the nonlinearly constrained programming problem (3.1)

(
st h(z) =0 (3.1)
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where f : R®* - R, g : R® — R? and h : R®* — R? are continuously differentiable

functions. The KKT conditions of this problem can be written as

Z u;Vygi(x Z v;Vh;(z

In their work, it is showed some alternative formulations for conditions (3.2), like for exam-
ple the well-known Burmeister-Fischer formulation. The system of nonsmooth equations
which will be used in this work is the one developed in Pang [18], which is described in
(3.3):

P q
r) + Z u;Vgi(x) + Z v;Vh;(z) =
=1 j=1

| h(z) =0 (3.3)
min{u;, —gi(z)} =0
min{u,, —g,(z)} = 0.
If we define in (3.1) the function f : R* — R as f(z) = cfz, g : R* — R" as
g(x) = —x and h : R" — R™ as h(z) = Ax — b, given any = € R", the gradient of f
at x is Vf(z) = ¢, the Jacobian of ¢ at this point is Jg(z) = —1I,, where I, € R"*" is
the identity matrix, and the Jacobian of h at x is Jh(x) = A. Therefore, the derivatives
f',g and h' of all these functions are constant, and then continuous. This fact implies
that f,g and h are continuously differentiable functions, and then (2.1) is a problem
with form (3.1). Moreover, by defining u = z and v = —\, we obtain that the KKT
conditions (3.2) coincide with those shown in (2.2). Therefore, the KKT conditions (2.2)
of a linear programming problem (2.1) can be write equivalently as the following system

of nonsmooth equations:

AT A+ z=¢
Ar =1b

min{zy,2} =0 (3.4)

min{z,, z,} = 0.

Thus, from Lemma 2.4, z* € R” solves the linear programming problem (2.1) if and only
if there are A* € R™ and z* € R™ such that z*, \* and z* satisfy conditions (3.4).
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Let us now consider function F: RV — RN, where N = 2n + m with n and m from
(2.1), defined by
[ ATA+2—c ]
Ar —b
F(w) = | min{zy, 21} |. (3.5)

| min{z,,2,} |
Finding a solution of (3.4), and therefore a solution of problem (2.1), is equivalent to find

w* € RY that satisfies equation
F(w) =0. (3.6)
A function f : R” — R™ is said to be nonsmooth if there is x € R" such that the
derivative of f at this point does not exist, and then neither the Jacobian. However,
sometimes when methods are applied in order to find a z € R™ such that f(z) = 0, as for
example in Newton-based algorithms, it can be helpful to use all the available information
about the derivative of this function on a neighborhood of this point. To that end, there

exists the concept of generalized derivatives in the sense of Clarke [2], which is defined as
Of(z) = the convex hull of dp f(z)

where

onfta) = { tim_ s} (37)

T;—x, miGDf
with J f(z;) being the Jacobian matrix of f at z; and Dy being the set of points at which
f is differentiable. In this sense, for example, if we consider f : R? — R defined by

f(x1, z9) = min{wzy, x5},

we obtain that this function is nonsmooth, since the derivative of f does not exist at
every point (r1,79) € R? such that x; = x,. Moreover, by considering the concept of

generalized derivatives at the point (0,0) € R?, we have

an(o,O):{[o 1},[1 0”
which implies
91(0,0) = {(1—t) [ 0 1 ] +t[ 10 ]; te [0,1]}
and then
81(0,0) = {[t 1—¢ ] te [0,1]}.
Through the definition of generalized derivative, it is possible also to define semismooth

functions. However, before we show this concept, we need to define what is a locally

Lipschitzian function.
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Definition 3.1. A function f : R"™ — R™ is said to be locally Lipschitzian if, given any
x € R", there is 6 > 0 such that the restriction of function f to the open ball centered in

x with radius equals to 0 is a Lipschitz continuous function.

Definition 3.2. A locally Lipschitzian function f : R™ — R™ is said to be semismooth at
r € R" if

lim  {Vd} (3.8)
V € af(x + td')
d —d,t— 0t

exists for any d € R".

If f is a semismooth function at z, then f is directionally differentiable at x, being
the directional derivative f’(z;d) equals to the limit (3.8). Going further, a semismooth

function f can also be strongly semismooth, if it obeys Definition 3.3.

Definition 3.3. Suppose f : R" — R™ is semismooth at x € R™. f is called strongly
semismooth at x if given any V € Of(x + d) with d — 0,

Vd — f'(z;d) = o(]|d||),
where f'(x;d) is the directional derivative of f at x in relation to the direcion d.

The linear programming problem (2.1) can be seen as a particular case of some well-
known classes of optimization problems. The properties of these problems can help us
identify important characteristics about the function F' defined in (3.5). Let us look at

some of them.

Definition 3.4. Given a function f : R"™ — R"™ and a closed conver set C in R", a

variational inequality problem is defined as the task of

find x € C such that

f(@)T(y—x) >0 forally €C. (3.9)

Note that, defining f(z) = ¢ for all z € R” and C = {z € Rz > 0, Az = b}, we

obtain that problem (2.1) is a variational inequality problem.

Definition 3.5. Consider the problem (3.1). If f,g and h are twice continuously dif-
ferentiable and V2f,V?g and V*h are locally Lipschitzian, then (3.1) is called an LC?
problem. Moreover, if f,g and h are not necessarily twice continuously differentiable but

their derivatives are semismooth, then (3.1) is called an SC"' problem.

We have already seen that if we define in (3.1) the function f : R — R as f(z) = 'z,
g:R" - R"as g(z) = —z and h : R — R™ as h(z) = Ax — b, then (2.1) is a problem
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with form (3.1). But note also that, since f’, ¢’ and h’ are constant in this case, they are
smooth, and then problem (2.1) can be classified as an SC! problem. Moreover, V2 f, V2g
and V?h are null, then they are locally Lipschitzians, and therefore (2.1) is also an LC?
problem.

Theorem 3.6 relates the concepts of SC! problem and LC? problem with semismooth-

ness and strongly semismoothness of its system of nonsmooth equations.

Theorem 3.6. If (5.1) is an SC* problem, then the function F defined as the nonsmooth
version (3.3) of its KKT conditions is a semismooth function. If (3.1) is an LC* problem,

then F' is a strongly semismooth function.
Proof. The proof is a direct application of Theorem 3.2 of [20] to (3.1). O

Through Theorem 3.6, we guarantee that function F’ defined in (3.5) is strongly semis-
mooth and then, in particular, is also locally Lipschitzian. We can also obtain a result
about the differentiability of this function F' in some points of its domain. This result
involves the concept of strong Fréchet differentiability, which is presented in Definition
3.7.

Definition 3.7. A function f : R™ — R™ is strongly Fréchet differentiable at x € R™ if
f s differentiable at this point and

lim f($1) - f(%) - f/(x)(xl - ZEQ)
(21,22) — (2,) |21 — 2|
1 # T2

=0

holds.

By adapting item (a) of Theorem 3.3 in [20] and considering problem (2.1), we obtain
a result about the differentiability of function F' defined by (3.5), which is showed in
Theorem 3.8.

Theorem 3.8. The function F' : RN — RN given by (5.5) is differentiable, strongly
Fréchet differentiable and continuously differentiable at w = (x,\,z) € RY, where x =
(1, oy Tp) and z = (21, ..., 2n), if and only if x; # z for all i € {1,...,n}.

Proof. The proof is a direct application of Theorem 3.3 of [20] to (3.1). O

Observe that the function F defined in (3.5) is continuous, but as we see in Theorem
3.8, it is only differentiable in the set G = {w € RY;z; # z; Vi € {1,..,n}}. The

Jacobian of this function, which we denote as J : G — RY*Y is defined as
0 AT 1,
Jw)y=1A4 0 0
B 0 C
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where B € R™" is a diagonal matrix such that each diagonal element Bli,i] is defined
by
0, it min{w;, 2} = 2
Bliyi) = 1 mmtoe ) = (3.10)
1, if min{x;, z;} = 2;

and the elements of diagonal matrix C' € R"*", analogously, are defined by

if mindz. 2\ = 2
Clivi _{ 1, if min{z;, 2} = 2

] o, if min{z;, z;} = z;

Given w € G, for each i € {1,...,n} there are two possibilities: min{x;, z;} = x; or
min{z;, z;} = z;. Therefore, if we consider the combination between these possibilities for
each index i, we conclude that each vector of G satisfies one of 2" possible combinations.
From this, let Dy, ..., Don C G subsets such that each one contains the vectors that satisfies
one specific combination of the 2™ possible. With this definition, we observe the following

properties:

1. D; # o for all j € {1,...,2"}, since we can find a vector of G that satisfy any
possible combination;

2. D;,ND; = @ if i # j, because is not possible that w € G to satisfy two different

combinations;
27’l
3. G= U D;, since every element of G satisfy some possible combination.
j=1

Lemma 3.9 shows two more relevant properties satisfied by sets D; for all j € {1,...,2"}.
Lemma 3.9. D; C G is an open convex set for any j € {1,...,2"}.

Proof. Firstly, let us prove that D; is an open set. Consider any w = (z, A, 2) € D; and
@i — il

2 Y
that w' = (2/, N, 2) is a vector contained in the open ball B(w,¢€), with center being w

€ > 0 such that € < min ied{l,.., n}}, which is possible since w € G. Suppose

and radius equal to e. Consider any ¢ € {1,...,n}, observe that |z} — z;| < |[w' — w| <

€< W%ZA’ which implies that
PO k| R L k| (3.11)
2 2
Analogously, we have
. (3.12)
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From this, if min{z;, z;} = z; then z; > x;, and therefore

T; — 2 T; + 2 T; — 2
ZZ'—|Z2 z|: 12 z:Ii+|z2 z|,

which implies by (3.11) and (3.12) that 2, > 2} and thus, min{z}, 2/} = x}. On the other

hand, if min{x;, z;} = z; then z; > z;, therefore

Ti— % T; + 2 Ti— 2
xi_|z2 il _ E P,

and thus, by (3.11) and (3.12), we have x} > z!, which implies min{z}, 2/} = z{. With
this, we have w’ € D;, consequently B(w,e) C D;, and then D; is an open set.

Let us prove that D; is a convex set. Consider v’ = (z/, X, 2'), w" = (2", \",2") € D;
and the set

[w', w"] = {tw + (1 = t)w";t € [0, 1]}.

If w=(x,\ z2) € [w,w"] then

z; =tx, + (1 —t)z] and 2z, = t2] + (1 — 1)z} (3.13)

(2

for all ¢ € {1,...,n} and some ¢t € [0,1]. From this, given an index i, we have two
possibilities:
oz} = 2; and min{a!, 2} = 2

[2Nad PRt 7

min{z

or

' 21} = 2 and min{x

"no_n
1)~ s 2

. o
min{z 12y =%

If the first one occurs, then z; > ) and 2/ > x/, which implies by (3.13) that z; > x;, and
then min{z;, z;} = z;. Analogously, if the second one occurs, then x} > 2/ and zf > z/,
so by (3.13) we have z; > z;, and thus min{z;, 2;} = 2;. Therefore, w € D;, which implies
[w’, w"] C D; and finishes the proof. O

Observe that at any given set D; it occurs that min{xz;, z;} is equal to z; or is equal
to z; throughout all the set and for all 7 € {1,..,n}, therefore the Jacobian J is constant
at D;, which is denoted as .J;. Moreover, as the function F' is defined by (3.5), we obtain
that the restriction of the function F' to the set D; is linear, then defining a function
F; : RY — RY by

—c
Fij(w)=Jjw+ | =b |, (3.14)
0

we have that the restriction of functions F' and F} to the set D; coincides.
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3.2 Convergence of Newton’s and Broyden’s meth-

ods

During our research, no studies were found in the literature regarding the application of
Newton’s and Broyden’s methods to solve linear programming problems through systems
of nonsmooth equations. Therefore, this study was conducted and, in this section, results

related to the application of these methods are presented in order to solve the system

AT N +z=c¢
Arx =10
min{zy, 21} =0 (3.15)

min{z,, z,} = 0,

and therefore the linear programming problem (2.1). Although this study was not com-
plex, it was possible to obtain interesting results through it, such as an instantaneous
local convergence result for Newton’s method, for example. Throughout this section, the
function F' considered is the one obtained through (3.5). If the derivatives of I are needed
at wy where F is not differentiable, we take some V' € 0pF'(wy,), which is defined in (3.7).

Theorem 3.10. If J(w*) is nonsingular and there is j € {1,...,2"} such that wy, w* € D;,

then Newton’s method finds w* in one iteration.

Proof. By hypothesis, wg, w* € Dj, then J; = J(w*) = J(wp) and therefore, by (3.14),

we have
—c

F(QUQ) = Fj(U)Q) = J(w*)wo + —b
0
Through the application of Newton’s method, we have that
—c
wy = wy — J(wo) T F(wp) = wo — J(w*) | J(wHwe+ | —b ,
0

which implies

wy + J(w*)"t | —b | =0.
0
By considering the function F; defined in (3.14), it occurs Fj(w;) = 0, but F;(w*) = 0
and, since J(w*) is nonsingular, F; is injective. Therefore, wy = w*, which finishes the

proof. O
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As a consequence of Theorem 3.10, we obtain the local convergence of Newton’s

method to solve the nonsmooth equations (3.4) in Corollary 3.11.

Corollary 3.11. If J(w*) is nonsingular, then there is € > 0 such that, if ||wo —w*|| <€,

Newton’s method finds w* in one iteration.

Proof. By hypothesis J(w*) is nonsingular, then w* € G and therefore there is j €
{1,...,2"} such that w* € D;. By Lemma 3.9, D, is an open set, then there is € > 0 such
that B(w*,€) C D;. From this, if ||wy — w*|| < € then wy € D;, and therefore by Theorem

3.10, Newton’s method converges in one iteration. O]

We observe that if we use Broyden’s method with By = J(wy) in order to find w* € RY
such that F(w*) = 0, the results of Theorem 3.10 and Corollary 3.11 remain valid,
since the first iteration of this method is equal to the first iteration of Newton’s method.
Theorem 3.12 shows a result about the convergence of Broyden’s method when one does

not necessarily defines By = J(wy).

Theorem 3.12. Suppose that J(w*) is nonsingular. There are €,6 > 0 such that, if
lwo — w*|| <€ and ||By — J(w")|| <9

then the sequence {wy} generated by Broyden’s method is well defined and converges su-

perlinearly to w*.

Proof. By hypothesis J(w*) is nonsingular, then w* € G, and therefore there is j €
{1,...,2"} such that w* € D;. We already show that [F' is linear and the Jacobian .J
is constant in D;, therefore this functions are continuously differentiable and Lipschitz
continuous in this set, respectively. From Lemma 3.9, we have that the set D; is open
and convex. The result follows by Theorem 1.13. O

The best property that an algorithm can have about its convergence guarantee is

global convergence. This concept is defined in the Definition 3.13.

Definition 3.13. An algorithm is said to be globally convergent to w* if, given any wqy €

RY, the sequence {wy} generated converges to w*.

By considering just the hypothesis of J(w*) being nonsingular, unfortunately we can
show that there is no result about the global convergence of Newton’s method and Broy-
den’s method with By = J(wy) to solve the nonsmooth equations (3.4). This occurs
because, given any problem in form (2.1), the matrix A is not full column rank. There-
fore, if we consider a starting point for these methods wy = (x,\,2) € G such that
min{xz;, z;} = z for all i € {1,...,n}, then the matrix B defined by (3.10) is null, which

implies that the matrix J(wy) is singular, and then these methods are not well defined.
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In order to verify the veracity of another results about convergence of Newton’s and
Broyden’s methods to solve the nonsmooth equations (3.4), we perform numerical ex-
periments using the Julia language [1]. In these experiments, many linear programming

problems were considered, however, we will show results about a specific one. This prob-

lem is
min T+ X
.t. <10
stoomd s (3.16)
T Z 2
x1, 19 20,

which had as feasible set a rectangular triangle with vertices at points (2,0),(2,8) and

(10,0), being the point (2,0) the solution of the problem, as shows Figure 3.1.

T2
$1=2

\ (2.8)

(2. 0) (10, 0)

]
Iy +:I22 =10

Figure 3.1: Feasible set of problem 3.16.

Through the addition of slack variables x3 and x4, this problem can be transformed to
the form (2.1) with

9}
|
O =
I
—
I~
—_
o =
o =
_ O
||
2
=
o,
>
|
—
| =
(@]
| I |

0

and then the solution becomes the vector w* = (z*, \*, z*) € RV with
" =(2,0,8,0), \* =(0,—1) and 2" = (0,1,0,1). (3.17)

Firstly, we applied Broyden’s method with By = [y and a starting point wy =
(o, Ao, 20) € R1? such that

zo = (1000, 300, 1000, 300), A¢ = (300,600) and z, = (300, 1000, 300, 1000).
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Therefore, we have that wy is far from w*, however there is j € {1,...,16} such that
wo,w* € D;. The algorithm makes 5928 iterations and then stops due to finding a

singular matrix By. The last wy = (xg, Ay, 2) generated by the method was
2 = (—49.111, 21.779, 35.307, —45.726), Ay = (—6.014e19, —1.336¢19) and

2 = (4.677€19,6.014¢19, 6.014¢19, 1.336¢19),

which indicates that the method is diverging. The failure of this experiment proves that

is not true the following two results:

e If J(w*) is nonsingular, wy, w* € D; for some j € {1,...,2"} and By is any nonsingu-
lar matrix of RY*¥ then Broyden’s method generates a sequence {w;} convergent

to w*;

o If J(w*) is nonsingular, wy is any vector of RY and By is any nonsingular matrix of

RM*N "then Broyden’s method generates a sequence {wy,} convergent to w*.

We already see, through Theorem 3.10, that if J(w*) is nonsingular and there is
J € {1,...,2"} such that wy, w* € D;, then Broyden’s method with By = J(wy) finds w*
in one iteration. Therefore, is valid think about if at least the occurrence of convergence
remains if we apply this method in a linear programming problem having the matrix B
close to J(w*), but not necessarily equals to it. In order to verify this, we use Broyden’s
Method in problem (3.16) with a starting point wy = (zg, Ao, 20) € R? such that

zo = (1000, 500, 1000, 500), A¢ = (10, 100) and 2z, = (500, 1000, 500, 1000),

which is in the same set D; than the solution w*. We know from (3.17) that

0 AT I,

Jw)=1A4 0 0

B 0 C

with

0000 10 00
BZOIOOandC:OOOO
0000 0010
0 001 0000

Therefore, we make numerical experiments considering
0 AT 1,

By=| A 0 0
B0



3.2 Convergence of Newton’s and Broyden’s methods 47

where B’ € R*** is different of B only in the elements B’[1, 1] and B’[3, 3], and analogously,
C" € R* is different of C' only in C’[2,2] and C'[4, 4].

First, we execute experiments considering B'[1,1], B'[3,3], C"[2,2] and C"[4,4] with
values around 107! and 1072, In such cases, the algorithm either stopped because it found
a matrix By singular, or worked for 10000 iterations without finding the solution, which
is the maximum number of iterations allowed, and therefore did not converge to w*. In
the sequence, we selected B[1,1], B'[3,3], C"[2,2] and C"[4, 4] taking values around 1073
and 10~%. In this situation, the algorithm converged to w* and more: we observed that
the smaller is the values of the elements of matrices B’ and ¢’ which we selected, the
smaller is the number of iterations used for obtain the convergence. Thus, these numerical
experiments make us believe that the result we are checking is true. Unfortunately, we

could not obtain a proof for this result yet, but it is formalized next as Conjecture 3.14.

Conjecture 3.14. Suppose that J(w*) is nonsingular and wy,w* € D; for some j €
{1,...,16}. There exists 6 > 0 such that, if | By — J(w*)|| < § then Broyden’s method
converges to w*. The closer By is to J(w*), the smaller is the number of iterations used

to obtain the convergence.

We also applied Broyden’s method in problem 3.16 with By = J(w*) and the starting
point wy = (zg, Ao, 20) € R being

xo = (1000, 1000, 1000, 1000), Ay = (1000, 1000) and z, = (500, 500, 500, 500).

The method worked for 450 iterations and then stopped because a singular matrix By
was found. Therefore, in this experiment the algorithm did not converge to w*, and the

failure of this test proves that is not true the following result:

Suppose that J(w*) is nonsingular. Given any wy € RY, there is § > 0 such that, if
|Bo — J(w*)|| <9, then Broyden’s method converges to w*.

Finally, we wanted to verify the validity of the result:

RNXN

Suppose that J(w*) is nonsingular. Given any matriz By € nonsingular, there is

d > 0 such that, if ||wo — w*|| < 0, then Broyden’s method converges to w*.

Note that we can not prove the non-validity of this result through a counter-example,
since if we consider wg = w* the algorithm will converges to w*, and if we obtain the
failure of some numerical experiment using a starting point wy different of the solution
w*, it is always possible to make another test with the starting point wy closer to the
solution. Unfortunately, we have not obtained a proof about the validity of this result.
Therefore, we executed numerical experiments in order to observe if it seems to be valid

or not.
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Broyden’s method was applied in problem (3.16) with By € R'9%10 being a diagonal
matrix where, for all j € {1,...,10}, B[j,j] = 40 - j. In all experiments, we considered
Wy = (x(), )\0, ZO> € Rlo with

xo = (2,0,1,0), A\g =(0,—1) and 2z, = (0,1,0,1),

where ¢ > 0, and then the closer v is to 8, the closer wy is to w*. It was made four tests,
which have 1 equals to 7,7.9,7.99 and 7.999999, respectively. In all these experiments,
the algorithm stops at the first iteration by the same reason: the matrix B; € R10*10
is singular. Therefore, with these results, the statement considered does not seem to be
true.

Table 3.1 summarizes the results obtained in this section. In it, “7” means that the
considered statement is true, “F” means that it is false and “?” means that we do not

obtained a conclusion about the validity of the claim.

Broyden’s Broyden’s
, Broyden’s
Newton’s Method, Method,
Method,
Method By close enough any By
By=J (wo) " .
of J(w*) nonsingular

wy close enough T T T 7

of w*

3je{l,..,2"}

such that T T ? F

*
wo, w* € Dy

any wy € RV F F F F

Table 3.1: Results obtained from the application of Newton’s and Broyden’s methods in

linear programming problems through nonsmooth equations.

3.3 Global convergence

As we can see in Table 3.1, the pure application of Newton’s and Broyden’s method in

order to solve problem (3.6) does not have global convergence good results. Therefore,
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in order to obtain an algorithm with a behavior at least closer to the global convergence
when applied to this situation, we studied the algorithms presented by Gomes-Ruggiero,
Martinez and Santos [6] and Ito and Kunisch [9].

Given a function f : R — R"™, Ito and Kunisch [9] showed a semismooth Newton
method which has a global convergence result to a point x* € R" such that f(z*) = 0 if

this function f satisfies some hypotheses. One of the conditions is that the set

S=Az e R% ||f(2)]| < [If(xo)ll} (3.18)

needs to be bounded, where xq is the first iterate of the semismooth Newton method.

For our purposes, we are interested in the application of this semismooth Newton
method for solve problem (3.6). However, we can obtain an example of problem like (3.6)
where condition (3.18) does not holds. This fact proves that the method considered by [9]
does not have its global convergence guaranteed when it is applied to a general problem
with the form (3.6). In fact, consider the problem (2.1) where

c=(1,1), A=[1 1]and b=2.

In this case, n = 2 and m = 1, which implies N = 5 and then the domain and counter-
domain of F is the set R, which have vectors with the form w = (z, A, z) where x, 2 € R?
and A € R. Consider the sequence {w}} in R® where, for each k € N, wj, = (x}, \}, 21.)
with

.= (1,1), A\, =1—kand 2, = (k, k)

and select, as starting point of the method, the vector wy = (g, Ao, 20) With g = 2o =
(1,1) and Ay = 1. Therefore, given any k € N,

Az) —b
min{1, k}
min{1, k}

|1F'(w)|| = (3.19)

ATX + 2z, —c

Observe that

AT)\;—I—Z,'C—c:[i](l—k)-k[]]z]_

1)
Ady—b= |1 1][1]—5:/43;0—1)

and
min{l, k} =1 =min{1,1}.
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Thus, since || - || is the Euclidian norm, by (3.19) it occurs

_ . -
0 AT/\O +2zy—¢C
AQTO —b
IFll = || Az —b || < . = [[E(wo)ll;
. min{1, 1}
min{1, k} _

. min{1, 1}

| min{1,k} |

which implies that, in this case, w;, € S for all k¥ € N. Therefore, since {wj} is not a
bounded sequence, the set S is not bounded also, as we wanted.

Differently from Ito and Kunisch [9], in Gomes-Ruggiero, Martinez and Santos [6] it
is presented a general algorithm for global convergence, which has the objective of, given
a function f: Q) C R®™ — R", find a point x* which satisfies

f(z)=0 (3.20)

without making smoothness assumptions about this function. The algorithm developed in
[6] has relevant characteristics about global convergence, and the problem (3.20) is quite
general. These facts motivated us to study the algorithm in depth and perform numerical
experiments in order to observe how it works.

The algorithm developed in [6] is based on a monotone reduction of the merit function
g : R" — R defined by

1
9() = 511 @1
It is described by Algorithm 3.15.

Algorithm 3.15.
Consider ag =1, mg =1 and select o € (0,1), a € (0,1), n € (0, 1] and zo € R";
fork=0,1,2, ..
Step 1: Choose dy, € R™ such that

g(zp + ady) — g(w)

o < —og(z) (3.21)

whenever

ap < —. (3.22)
My,

If this choice is not possible, stop (in this case, we say that the algorithm breaks
down);
Step 2: If

g(wx + andy) < g(wr)

holds, define xy1 = x + aydy. Otherwise, define xp 1 = x;
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Step 3: If
9(xr11) < (1= oar)g(we) (3.23)

holds, define agy1 =1 and mgy, = my + 1. Otherwise, choose

Qg1 € o, (1 — n)ay]

and define my1 = my;

end(for)

We can observe that the closer constant o is to 1, the more difficult it will be for the
inequalities (3.21) and (3.23) to be satisfied. Moreover, the smaller the a we previously
chose, the more difficult it is to satisfy (3.22) and, consequently, we have to check (3.21)
less frequently.

Through Step 2, the basic idea of Algorithm 3.15 is only accept as a new iterate the
point xy + agd; if it produces a decrease in merit function g. This fact guarantee the
monotone decreasing of this function throughout the iterations. We can see also that the
inequality (3.22) works like a tolerance for the sufficient decrease of g, through inequality
(3.21). If for several consecutive iterations (3.21) is false, then in all these iterations
(3.23) did not occur, which made ay becomes smaller, while m;, remains the same value.
Therefore, since the value a is previously defined, (3.22) gets closer and closer to being
satisfied, until it is, and then in this iteration either (3.21) is valid or the algorithm
breaks down. However, it is valid to mention that in this situation, since a; tends to 0,
inequality (3.21) becomes easier to be satisfied. Then, if at some iteration the algorithm
breaks down, probably the strategy used for the search direction dj at Step 1 was not
able to choose a vector with ||dy|| large enough for x + aydj to be in a neighborhood of
the solution, where there are points such that the image in relation to g is smaller than
g(xy). This implies that, in all the directions possible to choose, this method was unable
to find dj, such that g(xy + audy) is not even slightly smaller than g(xy). Therefore, the
algorithm breaking down strongly indicates that the current iterate xj is a local minimum
of g.

It is developed in [6] a theoretical study about Algorithm 3.15 in order to guarantee

its convergence results. As the main result in this sense, we have Theorem 3.16.

Theorem 3.16. If Algorithm 3.15 does not break down, the sequence {x} generated by
this algorithm is such that

lim g(zx) = 0.
k—o0

Proof. The proof of this result can be found in Theorem 2.4 of [6]. O
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There are several forms to implement Algorithm 3.15, which depend directly of the
strategy used for choose the direction dj at Step 1. In this work, analogously to [6], we

will use a point s replacing aydg, which is an approximate minimizer of function

min %HVkS + f($k)||2

) 3.24
st sl <A (3:24)

where x, is the current iterate of the algorithm and Vi, € dpf(x;). We will apply this
method in function F' defined in (3.5), which we have already seen that is semismooth,
and then it is differentiable “almost everywhere”. Therefore, through this choice of Vj, we
can guarantee that the s; computed at each iteration £ will be the point which minimizes
the merit function associated with the linear model of f around xj; in relation to V
subject to a square region with measure of side equals to A. Consequently, the task of
solving problem (3.24) brings a “Newton’s method strategy” for the algorithm, which can
improve its operation.

In the implementation of Algorithm 3.15, since s is a solution of problem (3.24), we
opt for use it instead of aysy, after all, since ag € (0,1), |lagsk] < [Isk]] < A, and then
ays; might not be a solution of (3.24). From this, if we use aysg, it will not be the best
point in relation with the “Newton’s method strategy”. Moreover, we can observe that, at
each iteration k of Algorithm 3.15, a4, is previously computed, and then have no relation
with the selection of direction dy. Therefore, the use of ajdy in Algorithm 3.15 is to, in
the case where (3.21) is not satisfied in successive iterations, bring direction aydj closer
and closer to the current iterate zy, in order to identify an eventual local minimum of g
and then breaks down the algorithm on it. In this sense, to ensure this characteristic in
the implementation of the algorithm, we will use a progressive reduction of A in such a

situation. The implementation is described in Algorithm 3.17, and was also taken from

6].

Algorithm 3.17.

Consider mg = 1, ap = 1 and given o € (0,1), n € (0,3], a € (0,1), zp € R™ and
M > 0 such that Ag = M;

fork=0,1,2..

Step 1: Compute s, as an approzimate solution of

min  3[|Vis + f (1)

3.25
st 18]l < A (3.25)

where Vi, € Op f(xy);
Step 2: If

S|

op < —
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but
g(zr + sk) — g(xk)

(6773

< —og(xy) (3.26)
does not hold, stop (the algorithm breaks down);
Step 3: If

9(wx + sx) < g(wx)

holds, define xx1 = x) + si. Otherwise, define 11 = xg;
Step 4: If
9(wr41) < (1 —oar)g(wr)

holds, define api1 =1 and myyq = my + 1. Otherwise, choose
i1 € a, (1 —n)ay]

and define myy1 = my;
Step 5: If ay.1 =1, define A1 = M. Otherwise, define

IEESy
2 )

Appr =
end(for)

The application of local methods, such as Newton’s and Broyden’s methods, has dif-
ferences in relation to the application of Algorithm 3.15 in order to solve problem (3.20).
Although the iterations of local methods do not usually generate a monotone decreasing
of merit function g, when the starting point x, is close to the solution x* of the problem
(3.20), these methods in general work very well. On the other hand, Algorithm 3.15 have
no restrictions about the starting point xq, but it usually only converges to a stationary
point of the merit function g. Therefore, by considering the characteristics of each type
of method, Gomes-Ruggiero, Martinez and Santos [6] built an algorithm which matches
iterations of local methods with iterations of global Algorithm 3.17, in order to try enjoy
the benefits of each one. This algorithm is described in Algorithm 3.18. To facilitate its

presentation, let us define, for any k£ € N,

7, = Argmin{g(zo), ..., g(zx) }

and g(m;) = g(zo) if £ < 0. About the nomenclature adopted, let us call of “ordinary
iteration” the iterations executed by local methods, and of “special iteration” the one
executed by Algorithm 3.17.

Algorithm 3.18.
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Consider FLAG =1, mg = 1, ag = 1 and given o € (0,1), n € (0,3], a € (0,1),
M > 0 such that Ay = M, ¢ € NU {0}, v € (0,1), g € R" and By (if the local method
chosen is Broyden’s method);
fork=0,1,2,..
Step 1: If FLAG =1, obtain xj1 through an ordinary iteration. Else,
obtain x4, using the special iteration;
Step 2: If
9(@rr1) < 79(mh—g) (3.27)

set FLAG <« 1. Flse, re-define xy,q < mpy1 and FLAG + —1;
end(for)

In this algorithm, we can note that M works as a standard trust region for problem
(3.24). While it is produced special iterations where (3.26) is valid, and therefore the
algorithm is succeeding in decreasing function ¢, the trust region remains a box with
side length equals to M. However, if the algorithm begins to produce successive special
iterations where (3.26) does not occur, the box is reduced until it breaks down, probably
close to a stationary point of g, or it makes a iteration with sufficiently decrease of g.

We can observe that, in this algorithm, the variable FFLAG indicates a satisfactory
decrease of g at the iteration. If it occurs, we make an ordinary iteration, if it does not,
we make a special iteration. In the operation, ¢ and v work as “tolerance variables”. The
greater is ¢, the greater is the number of iterations that we allow to not produce sufficient
decrease of g. Moreover, the more v is close to 1, the more relaxed is condition (3.27),
the sufficient decrease condition.

For Algorithm 3.18, we have also a result analogous to Theorem 3.16. If this algo-
rithm does not break down, there are two possibilities: it makes infinitely many ordinary
iterations, or infinitely many special iterations. If the first one occurs, (3.27) was valid
infinitely many times, which implies that there is a subsequence {xzy, } of {z}} such that

lim g(xy,) = 0.

=00

On the other hand, if the second one occurs, then this algorithm enjoy the convergence
results proved in [6] for Algorithm 3.15, in particular Theorem 3.16, showed in this work.

Our interest in this work is to apply Algorithm 3.18 in function £ : RY — R¥ defined
in (3.5), in order to solve problem (3.6) and, consequently, the linear programming problem
(2.1). We will use 2 different versions of this algorithm: the first one using Newton’s
method and the second one using Broyden’s method. From now on, the merit function
considered is ¢ : RN — R where

g(w) = 5 |F ()]
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In first place, it is important to emphasize that, in this case, there are 2 convergence
result for Algorithm 3.18 with Newton’s method, which can be described as corollaries of
Theorem 3.10.

Corollary 3.19. If J(w*) is nonsingular and there is j € {1, ...,2"} such that wy, w* € D;,

then Algorithm 3.18 with Newton’s method finds w* in one iteration.

Proof. Since Algorithm 3.18 starts with FFLAG = 1, the first iteration will provide w;

through the Newton’s method. However, from Theorem 3.10, w; = w*. O

Corollary 3.20. If J(w*) is nonsingular, there is € > 0 such that, if |[wy — w*|| < e,

Algorithm 3.18 with Newton’s method finds w* in one iteration.

Proof. Since Algorithm 3.18 starts with FFLAG = 1, the first iteration will provide w;
through the Newton’s method. Therefore, by considering the € > 0 provided by Corollary
3.11, the result follows. O

On the other hand, Theorem 3.12, which guarantees a local convergence result for
Broyden’s method when it is applied to solve problem (3.6), can not be generalized for
Algorithm 3.18 with Broyden’s method. This occurs because, in a situation where the
hypotheses of Theorem 3.12 are satisfied, we can not guarantee that this convergence
will occur in only one iteration, neither that inequality (3.27) will be satisfied at each
iteration. Therefore, it is possible that Algorithm 3.18 makes a special iteration at some
moment, acquiring a different behavior in relation to the pure Broyden’s method.

For the application of Algorithm 3.18, it was considered the same parameters than in
6], which are 0 = 1074, n = 0.5, a = 1075, ¢ = 5 and v = 0.9, except the M, which in [6]
is 10® and we consider it to be 10* in order to verify the operation of the algorithm with
initial points wy far from the solution w*. We consider problem (3.16) in order to observe
the convergence characteristics of this algorithm in this case.

Since this problem has n = 4, its set G can be written as a union between sets
Dy, ..., D1g. By considering « = (1, x2, 23, x4) and z = (21, 22, 23, 24), let us define each of
these sets with the form [ay, as, ag, as], where for each i € {1,2,3,4}, if z; < z; then a; = 1,
otherwise, if z; < x; then a; = 0. The problem considered has a small drawback: most
of the sets D; have singular associated Jacobian, which makes the version of Algorithm
3.18 with the Newton’s method frequently stop. Therefore, for the experiments it was
made a small modification on the algorithm. The ordinary iterations are executed only
if FLAG =1 and J(wy) (or the matrix By, for the version with Broyden’s method) is
nonsingular. Otherwise, a special iteration is made. With this, we guarantee that the
algorithm never stops by singularity, and then will always converges or breaks down.

Algorithm 3.18 with Broyden’s method used in [6] have 2 characteristics. The first

one is that the matrix By is selected as being J(wy), and the second one is that every
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cycle of ordinary iterations starts with a Newton’s iteration. That is, if iteration £ — 1
is special and iteration k is ordinary, then matrix By used on it is equal to J(wy). In
our implementation, considering the fact mentioned above, where most of sets D; have
its respective Jacobian matrix being singular, it was opted to make a modification in the
first characteristic: instead of use By = J(wyp), it was opted to consider By = I, which is
the identity matrix. That choice comes from the fact that, through previous experiments
applying the pure Broyden’s method in order to solve problem (3.16) through (3.6), the
choice of By = Iy implies a good behavior for this method, mainly when the starting
point wy is near the solution w*, with convergence occurring in most experiments.

For each version of Algorithm 3.18, 16 numerical experiments were run through Julia
language, each one with a starting point in a different set D;. The subproblem (3.25) has
always been solved using the package Optim.jl [16]. Table 3.2 shows the starting points

considered for both algorithms (denoted by wy) and the respective sets D; which contains

each one.
Test N© Wo D]
xo = (1000, 1200, 1400, 1600)

2o = (2000, 2100, 3000, 2500)
2o = (2.35,3.4,2.2,1.1)

2 Ao = (0.75,2) [1,1,1,0]
20 = (2.5,3.5,2.7,1)
70 = (3.1,2.22,1.3,6.2)
3 Ao = (1.3,0.7) [1,1,0,1]
2 = (4.2,3,1.2,6.5)

2o = (1300, 6400, 5500, 4200)
4 Ao = (3000, 3000) [1,0,1,1]
2o = (2000, 3000, 6100, 4800)
zo = (1235, 1700, 500, 950)
5 Ao = (300, 3000) 0,1,1,1]
2o = (1000, 2300, 700, 1150)
2o = (1333, 5300, 4200, 2100)
6 Ao = (720, 640) [1,1,0,0]
20 = (1500, 6000, 2200, 1800)
zo = (2.3,2.7,2.5,5)

7 Ao = (1.3,1.2) [1,0,1,0]
20 = (3.5,2.5,4,3.2)
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Test N©

Wo

2o = (720,980, 1040, 3129)
Ao = (720, 730)
2o = (700, 1000, 1200, 3000)

[0,1,1,0]

2o = (1200, 700, 850, 1500)
Ao = (500, 600)
2o = (1500, 600, 800, 1700)

[1,0,0,1]

10

2o = (1.2,4,3.6,2)
Ao = (0.5,0.8)
2 = (1,5,3,3)

[0,1,0,1]

11

zo = (14,22, 37,20)
Ao = (10, 20)
20 = (10, 20, 40, 22)

[0,0,1,1]

12

zo = (3.3,2,2.9,4.1)
Ao = (2.2,2.2)
20 = (3.5,1.9,1.8,3.7)

[1,0,0,0]

13

2o = (2300, 2717, 3520, 1861)
Ao = (3274, 1000)
20 = (1718, 3251, 3111, 1223)

[0,1,0,0]

14

2o = (0.42,0.57,0.88,1.2)
Ao = (1.5,3)
2 = (0.4,0.52,1,1.18)

[0,0,1,0]

15

zo = (32,37, 35,25)
Ao = (27,11)
20 = (15,18,21,31)

[0,0,0,1]

16

o = (3000, 4215, 3817, 2914)
Ao = (501, 502)
20 = (1500, 1718, 1936, 2100)

[0,0,0,0]

Table 3.2:

Starting information for Algorithm 3.18.
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In Table 3.3 and Table 3.4 we show the results obtained through the application of
In these tables,

represent the number of iterations, followed by a specification on how many

Algorithm 3.18 with Newton’s and Broyden’s methods, respectively.
“its(0,s)”
iterations were ordinary and how many were special. The column “t” indicates the time
used by the experiment in seconds. The number of times the new iterate wy,, generated
by the test was in a different set D; than the previous iterate wy is denoted by “N¢ ¢”.
The column “Final D;” shows the set D; which contains the last iterate obtained through

7

the experiment. The symbol “g(wy)” represents the image of g applied in the last iterate

obtained. In this same sense, “[|[Vg(wy)||s" is the norm || - || applied in gradient vector
of g in relation to the final iterate obtained. Finally, the column “Reason” contains the
reason for stopping the algorithm, where “B” means that the algorithm breaks down and
“C” means that occurs the convergence to the solution w* of the nonsmooth equations

related to problem (3.16).

Test N? | its (0,8) t | N9c | Final D; | g(wy) |||Vg(wy)|leo | Reason
1 20020 [037] 0 | [LLL1 | 1254 | 84le9 B
2 122(022) 031 1 |1[0000 | 015 1.21e-10 B
3 2(1,1) 021 1 | [0,1,0,1 0 0 C
4 25 (1,24) | 0.39 4 [0,0,0,1] 0.12 8.41e-10 B
5 200200026 0 | 01,11 | 64 1.02¢-9 B
6 |21(1,2001020] 1 | [1,1,01] | 0.66 2.50-10 B
7 24222 032] 3 | 0001 | 0.12 7.49¢-9 B
8  |21(120)]026] 1 |[0,1,00] | 0.08 1.77e-15 B
9 23 (1,22) | 0.28 2 [1,1,0,1] 0.66 2.5e-10 B
10 | 1(10) |001] 0 |[0,1,0,1] | 9.86e-32 | 4.44e-16 C
11 21120 ]035] 1 [[0,0001 | 012 7.49¢-9 B
12 23023 027] 2 [0,001 | 012 7.5¢-9 B
13 23122 | 04| 2 [0,1,00 | 0.08 1.77¢-15 B
14 22022 026] 1 |[0,000 | 015 9.73¢-9 B
15 [20(020)]025] 0 | 0001 | 012 | 2.09-10 B
16 |23(122)] 04| 2 |1[0,1,00] | 0.08 1.77e-15 B

Table 3.3: Results of Algorithm 3.18 with Newton’s method.
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Test N? | its (o,8) t | N%c | Final D; | g(wys) | ||Vg(wys)|s | Reason
1 | 21(1,200]036] 0 | [1,1,1,1] | 12.54 5.37¢-9 B
2 [23(1,22)]035] 1 |[0,000 | 0.15 1.21e-10 B
3 3(21) 003] 1 |[0,L0.1 0 0 C
4 24222 (o2 1 | 110 | 125 1.47¢-9 B
5 |21(1,200052] 0 | [01,1,]] | 6.4 1.02¢-9 B
6 23 (1,22) | 0.29 1 [1,1,0,1] 0.66 2.5e-10 B
7 126323 037 3 |[0001] | 012 7.49¢-9 B
8 |31(823) 043 9 |[0,1,00] | 008 | 2.66e-15 B
9 22 (2,20) | 0.27 1 [1,1,1,1] 12.54 1.22e-9 B
10 2(1,1) |0.02] 0 |[0,1,0,1] | 1.72e-17 | 1.79e:9 C
11 | 23(1,22)]020] 1 | 10001 | 012 7.49¢-9 B
12 24 (1,23) | 0.29 2 [0,0,0,1] 0.12 7.5e-9 B
13 |21(1,200]0.26] 1 | [LL11] | 12.54 3.50-9 B
14 |23(1,22)]031] 1 |[0,000 | 015 0.73¢-9 B
15 |21(1,200]026] 0 |[0,001] | o012 2.09¢-10 B
16 25322 | 03] 2 |[0,,00 | 008 | 83217 B

Table 3.4: Results of Algorithm 3.18 with Broyden’s method.

Through the above tables, basically we observe that occurs a small difference between
the results obtained from Algorithm 3.18 with Newton’s method and with Broyden’s
method, and the convergence occurs at exactly the same 2 starting points for both algo-
rithms. Doing a little deeper analysis, it is possible to perceive a small advantage for the
algorithm with Newton’s method in the sense of number of iterations required to obtain
the result, since in all tests except 4, 9 and 13 the number of iterations used by this al-
gorithm was smaller then the number of iterations used by the algorithm with Broyden’s
method. This is expected, since the use of the true Jacobian is more expensive than low
rank updates.

We observe that in all experiments the algorithm converges to a stationary point of
function g. Actually, the usual behavior of both algorithms in numerical experiments
is to, at the beginning of the test, generate iterates w, that are not all contained in the
same set D;. Then, one iterate wy, falls in a certain set D;, and then only promotes special
iterations on it, generating iterates contained in this set D; until it finds the stationary
point of this set, which makes the algorithm breaks down. However, there are tests where
all the iterates generated by the algorithm are contained in the same set D;, and then it
converges to a local minimum on this set. This occurs in tests 1, 5, 10 and 15 for both

algorithms. This fact indicates that if some point is favorable for the not occurrence of
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a change in the set D; which contains the iterates, the local method used in Algorithm
3.18 will not be effective in the sense of modify this characteristic.

The next results can be useful in order to guarantee situations where the Algorithm
3.18 will promote at least one change in the sets D; which contains the iterates throughout
its operation. The main idea is that stationarity can not occur in sets D; where J; is

nonsingular, unless we have the solution of the original problem.

Lemma 3.21. Suppose that J(w*) is nonsingular, D; is a set such that its respective
Jacobian matriz J; is nonsingular, and w* ¢ D;. There is now € D; such that Vg(w) = 0.

In particular, this set have no local minimums of g.

Proof. Suppose that there is w € D; such that Vg(w) = 0. By the definition of g,

which implies
J(w)' F(w) = 0. (3.28)

Since w € D;, J(w) = J;. By hypothesis, J; is nonsingular, which implies JJT nonsingular,
and then J(w)? also is. From this, through (3.28) we have F(w) = 0. Therefore, w = w*,
which contradicts the fact that w* ¢ D;. ]

Lemma 3.22. Suppose that J(w*) is nonsingular, D; is a set such that its respective
Jacobian matriz J; is nonsingular, and w* ¢ D;. If wy, € D; and wyyy is generated

through Newton’s iteration, then wyy1 ¢ D;.
Proof. By Newton’s method,
Wr+1 = W — J(wk)_lF(wk). (329)

Since wy, € D;, J(wy) = J;. We have already seen in the end of Section 3.1 of Chapter 3
that, being F; : RY — R a function defined as in (3.14), F and F} coincide in set D;.
Therefore, from (3.29),

—C

Wet1 = Wk — ‘]J'_le(wk) =Wk — ‘]j_l Jjwp + | —b )

which implies that
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and then

Fj(wk+1) = JjwkH + —b =0.
0
If occurs wii1 € Dy, then F(wgi1) = Fj(wigs1) = 0, which implies wy4; = w* and then

w* € D;, which is a contradiction. Therefore, w41 ¢ D;, as we wanted. O

Since all the numerical experiments realized converges to a stationary point of g, by
Lemma 3.21 occurs that, if the current iterate wy of the Algorithm 3.18 is in a set D;
which its respective Jacobian matrix J; is nonsingular and w* ¢ D;, then, in the sequence
of its operation, the algorithm will make at least one change in the sets D; which contains
its iterates. On the other hand, the application of Lemma 3.22 in this sense is clear: if,
in some iteration of the algorithm, we have wy, in a set D; which satisfy the hypotheses
of this lemma and the next iterate wy; is obtained through a Newton’s iteration, then
will occurs more one change in the sets D; which contains its iterates.

The convergence occurs in tests 3 and 10. In test number 10, convergence was expected,
mainly in Algorithm 3.18 with Newton’s method, since in this experiment the starting
point wy is in the same set D; than the solution w*. However, it is not clear the reason of
convergence in test number 3. It was made an extra test, for both algorithms, with the

starting point wy = (xg, Ao, 20) Where
xo = (1000, 1000, 2000, 1000), A = (1500, 1000)

and
2o = (2000, 2000, 1000, 2000),

which is a point in the same set D; than the one considered in test 3, but with highest
values in its coordinates. In this case, the test of Algorithm 3.18 with Newton’s method
used 23 iterations, while the one of Algorithm 3.18 with Broyden’s method used 21 it-
erations. Both algorithms break down in a stationary point and do not converge to the
solution. The experiment shows that convergence does not occur by some characteristic
associated with the set D; that contains the starting point wy.

As we commented before, the pure Broyden’s method with By = Iy have a good
behavior to find the solution w* of problem (3.6), at least when considering problem
(3.16), mainly when wy is near the solution. In Algorithm 3.18 with Broyden’s method
we used By = Iy and tested some starting points near the solution of the problem, in
tests 2, 3, 7, 10, 12 and 14. In these tests, the convergence to the solution did not occur.
This is possible because, as commented in [6], quasi-Newton methods usually have a good
behavior to find the solution when the iterates is near to it, but this methods are not

characterized by a monotone decrease of the merit function g throughout the iterations.
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Therefore, when Algorithm 3.18 with Broyden’s method is used, it is very possible that
inequality (3.27) does not occur at some iteration, which implies that a special iteration
is performed. That can make the algorithm lose the good performance that Broyden’s
method usually have in this situation.

By considering that Algorithm 3.18 with Newton’s and Broyden’s methods, in general
do not have a good performance to solve problem (3.16), which is not a problem relationed
with a high dimensional objective function, it is reasonable to believe that both algorithms
will not behave well when applied to large scale problems.

Algorithm 3.18 with Newton’s method and with Broyden’s method generate together
16 different final points which are not equal to the solution w*. One interesting charac-
teristic of these points is that, in general, they are close to the solution and their image
by g is small. Therefore, by considering the fact that the pure Broyden’s method with
By = Iy had good performance in order to solve equation (3.6) for problem (3.16) near
the solution w*, this method was applied in each one of these 16 final points. In 8 of this
16 tests the method finds the solution w*, always performing around 40 iterations, which
took less than 1 second.

By considering the numerical experiments of Algorithm 3.18, we propose a new al-
gorithm. The algorithm first apply Algorithm 3.18 with Newton’s or Broyden’s method
using By = I. Then, if Algorithm 3.18 breaks down, we use the final point as the starting
one for a pure version of Broyden’s method with By = Iy to solve problem (3.6). This

algorithm is described in Algorithm 3.23.

Algorithm 3.23.
Consider FLAG =1, mg = 1, ag = 1 and given o € (0,1), n € (0,3], a € (0,1),
M such that Ag = M, g € NU{0}, v € (0,1), wy and By (if the local method chosen is
Broyden’s method);
for k=012 ..
Step 1: If FLAG =1, obtain wyy1 through an ordinary iteration. FElse,
obtain w1 using a special iteration;
Step 2: If the algorithm breaks down at Step 1, apply Broyden’s method with
By = I at the last iterate wy obtained and then stop;
Step 3: If
9(wis1) < 7g(mr—g)

set FLAG < 1. Else, re-define wgi1 < 711 and FLAG < —1;
end(for)

With the possible execution of Broyden’s method in the final iterations, Algorithm

3.23 will not necessarily converges or breaks down. Now, there are two more possibilities:
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it runs until it reaches the maximum of 10000 iterations allowed, or it stops because it has
found a singular matrix By in Broyden’s method. Tables 3.5 and 3.6 contain the results
obtained by applying Algorithm 3.23 using Newton’s and Broyden’s methods, respectively,
in the initial points showed in Table 3.2. In it, “S” means that the experiment stopped

because Broyden’s method found a singular B; matrix, while “I'T” means that it reached

the limit of 10000 iterations allowed.

Test N its (0,s) t | N%c|Final D; | g(ws) | ||Vg(ws)|lw | Reason
1 10000 (0,20) | 78.93 | 52 [1,1,1,1] 17.98 3.53 IT
2 52 (0,22) | 055 | 11 | [0,1,0,1] | 1.59e-19 | 5.62¢-10 C
3 2(1L,1) | 005 | 1 |[0,L,0] 0 0 C
4 82 (124) | 09 | 28 | [0,1,01] | 1.33¢-20 | 1.32e-10 C
5 24 (0,20) | 075 | 1 | [LLL1] | 7.2817 | 1.49¢9 S
6 52 (1,20) | 057 | 9 | [0,1,0,1] | 2.39e-18 |  1.49¢-9 C
7 85 (2,22) 0.91 30 [0,1,0,1] | 6.37e-19 8.53e-10 C
8 1911 (1,20) | 15.31 | 92 | [LL,L1] | 4.26e7 8706 S
9 54 (1,22) | 058 | 10 | [0,1,0,1] | 2.39e-18 |  1.49¢-9 C
10 1 (1,0) 0.05 0 [0,1,0,1] | 9.86e-32 4.44e-16 C
11 82 (120) | 074 | 28 | [0,1,0,1] | 6.37e-19 | 8.53e-10 C
12 64 (0,23) | 0.63 | 17 | [0,1,0,1] | 2.36e-20 | 1.15e-10 C
13 | 1913 (1,22) | 1493 | 93 | [L1,1,1] | 4.26e7 8706 S
14 76 (0,22) | 0.8 | 33 | [0,1,0,1] | 4.36e-18 | 2.49¢-9 C
15 59 (0,20) 0.69 20 [0,1,0,1] oe-18 4.13e-9 C
16 | 1913 (1,22) | 1503 | 93 | [1,1,1,1] | 4.26e7 8706 S

Table 3.5: Results of Algorithm 3.23 with Newton’s method.
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Test N© its (0,s) t N ¢ | Final D; g(wy) |Vg(ws)||o | Reason
1 616 (1,20) | 442 | 6 | [1,1,1,1] | 18.77 4.07 S
2 53 (1,22) 0.45 11 [0,1,0,1] 1.59e-19 5.62e-10 C
3 321 |o002]| 1 [1[001001] 0 0 C
4 10000 (2,22) | 67.64 | 121 | [1,1,1,1] | 523283.86 1023 IT
5 25 (1,20) | 6.01 | 1 | [L,1,1,1] | 7.28el7 1.49¢9 S
6 54 (1,22) | 043 | 9 | [0,1,0,1] | 2.39e-18 | 1.49¢-9 C
7 72 (3,23) 0.57 | 23 | [0,1,0,1] | 4.32e-17 7.25e-9 C
8 78 (8,23) | 0.61 | 31 | [0,1,0,1] | 4.33e-19 | 7.65e-10 C
9 | 10000 (2,20) | 69.13 | 71 | [L,1,1,1] | 524305.16 1025 IT
10 2(1,1) | 004 | 0 |[0,1,0,1] | 1.72e17 | 1.79e-9 C
11 84 (1,22) | 0.63 | 28 | [0,1,0,1] | 6.13¢-19 | 8.27e-10 C
12 65 (1,23) 0.54 17 [0,1,0,1] | 2.36e-20 1.15e-10 C
13 10000 (1,20) | 67.99 | 31 [1,1,1,1] 17.76 3.48 IT
14 T7T(1,22) | 058 | 33 | [0,1,0,1] | 4.36e-18 | 2.49¢-9 C
15 60 (1,20) | 045 | 20 | [0,1,0,1] | 5e-18 4.13¢-9 C
16 | 999 (3,22) | 621 | 77 | [1,1,1,1] | 48808.45 256 S

Table 3.6: Results of Algorithm 3.23 with Broyden’s method.

Through the analysis of these results, it is visible that we no longer have the guarantee
of convergence to the stationary point, since the last iterations of this algorithm are
usually done by the Broyden’s method. However, Algorithm 3.23 converges in 11 of
16 numerical experiments with Newton’s method, and in 10 of 16 tests with Broyden’s
method, always in less than 1 second, which indicates a very good performance of this
algorithm. Therefore, by considering this results, it is reasonable to believe that, if the
linear programming problem considered has the characteristic of having a good part of
the stationary points of merit function g close to the solution w* of equation (3.6), as
problem (3.16) have, then Algorithm 3.23 has good performance in relation to the global

convergence.



CONCLUSION

This work was devoted to the study of Newton’s and Broyden’s methods for solving
linear programming problems. Under some strong hypotheses, it was obtained a result
that guarantees the linear local convergence of the IPM with quasi-Newton approach [§].

With the goal of further understanding the behavior of Newton’s and Broyden’s meth-
ods in linear programming problems, a nonsmooth version of the KKT conditions was
considered. It was used nonsmooth versions of such methods and interesting local conver-
gence results were obtained. In particular, it was proved one-step convergence of Newton’s
and Broyden’s methods, the later with By = J(wp). Moreover, through computational
experiments using Julia language, it was possible to find counter-examples for results
about some types of convergence for these methods.

Seeking to obtain global convergence results about the application of Newton’s and
Broyden’s methods on nonsmooth equations, the algorithm [6] was studied. General
convergence results were presented. After numerical experiments, a study about its per-
formance was possible, and then a modification of this algorithm was proposed, seeking
to improve its performance regarding global convergence when it is applied to a system
of nonsmooth equations relative to linear problem problems. The obtained results were

promising, but more tests are necessary.
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